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Lofi noi dau 


Cuon sack nho nay ditdc bien soan diia tren cd sd nhiing bai 
gidng cua tac gia ve chuyen de Dong liic hoc cong trinh tai Trung tarn 
Hop tac Dao tao va Boi diidng Cct hoc thuoc Dai hoc Quoc gia Ha Noi. 
Trong khuon kho mot chuyen de ngan, phdi trinh bay mot bo mon rat 
rang, toi buoc phdi suy nghl de hia chon noi dung va each truyen dat 
cho phu hop. Co le vi the ma cuon sach nay khong the bao qudt het cac 
van de cua Dong litc hoc cong trinh. 

Tritdc het, phdi phan biet Dong liic hoc cong trinh vdi Ly thuyet 
dao dong noi chung va vdi Dao dong ky thuat noi rieng. Ly thuyet dao 
dong noi chung la cO sd ly thuyet ve cac qua trinh*co tinh chu ky, 
thiidng gap trong nhieu nganh khoa hoc, ky thuat khac nhau nhiC Vat 

ly, Co hoc, Che tao may, Giao thong\ Xay di/ng... O day nghien ciiu 
nhiing khdi niem ve dao dong va. cac phiiOng phap de nghien citu, 
phat hien cac qua trinh dao dong trong thitc te. Dao dong ky thuat Id 
mot sii cu th e hod ly thuyet dao dong, nham cung cap cho cac ky sit sit 
hieu biet can thiet de ly giai va xii ly cac hien titOng dao dong trong ky 
thuat. Dong litc hoc cong trinh khong the ditng lai 6 doi titOng ky 
thuat noi chung, ma tap trung vdo nghien citu doi titOng cu the la cong 
trinh nhit mot he co hoc dan hoi. Tuy nhien cung khong the hieu dong 
litc hoc cong trinh nhit bo mon Dao dong cua cac he dan hoi, mac dii 
trong mot vdi tritdng hdp cung kho ma phan biet ro rang. Neu doi 
titdng cita Ly thuyet dao dong cac he dan hoi Id cac mo hinh toan hoc 
cua cac vat the dan hoi mang tinh tong qudt, thi Dong litc hoc cong 
trinh tap trung vdo nhiing doi titdng thitc teed the ditdc mophong nhit 
cac he dan hoi ~ cong trinh. Ben canh do, neu ly thuyet dao dong cac 
he cd hoc, do tinh tong qudt, co the khong can quay tarn nhieu den viec 
mo hinh hod cac he cd hoc, thi Dong litc hoc cong trinh, nhit la mot bo 
phan cua Dong litc hoc noi chung can phdi bat dau chinh tit viec xay 
di/ng mo hinh toan hoc cho mot doi titdng thitc te. Khi do mon Dong 
litc hoc cong trinh cung phdi cung cap cd nhiing cong cu de mo hinh 
hod cac doi titdng (cong trinh) cua minh. Vdi tit duy nhit vay, nhiing 
bai gidng cua toi ditdc hinh thanh. Trong do moi mot tiet ditdc trinh 
bay mot each tron ven tit viec mo hinh hod cho den nhiing Idi giai, ket 
luan co y nghia cu the. Tuy nhien muc dich cung chi de cung cap cho 
hoc vien nhiing y titdng de co the tu minh giai cac bai toan co the gap 
trong thitc te. 

Noi dung ma toi muon truyen dat chinh la nhiing khdi niem cd 
ban; nhiing phitdng phap can thiet va mot so ling dung cd tinh minh 
hoa. Nhiing tinh toan phitc tap khong ditdc trinh bay chi tiet bdi vi toi 



ii 

muon danh mot so cong viec cho ngitdi doc ciing tham gia vdo qua 
trinh tit duy tit boi ditdng them kien thitc. Co the noi, dac diem rieng 
de phan biet cuon sack nay vdi nhitng tai lieu da cong bo la d tinh cd 
dong va each tiep can cac dac tritng pho doi vdi cac bai toan quen 
thuoc. Rat nhiiu van de ditdc an sau nhitng tinh toan, binh luan md 
khong thanh de muc rieng biet. Ngitdi doc se khong tint thdy d day viec 
tich phan cac phitetng trinh chuyen dong trong mien thdi gian... Vi le 
do chiing toi cung chi goi cuon sach la Cd sd dong litc hoc cong trinh. 

Xin cam dn Trung tarn Hdp tdc Ddo tao va Boi ditdng Cd hoc; 
Chitdng trinh nghien citu cd ban Nha mtdc ve khoa hoc tit nhien da 
tao dieu kien va ling ho cd ve tai chinh Iqn tinh than trong viec hoan 
thanh quyen sach nho nay. Dac biet xin cam dn cac GS. TSKH. Ddo 
Huy Bich (Chu tich Hoi dong ddo tao Trung tam Hdp tdc Ddo tao va 
Boi ditdng Cd hoc), GS. TSKH. Nguyen Cao Menh (Chu tich Hoi dong 
xet duyet cho xuat ban giao trinh nay), GS. TS. Nguyen Van Pho va 
PGS.TSKH. Do Sdn (nhitng phan bien) da doc ky va cho nhieu y kien 
rat xac dang ve noi dung cung nhit each trinh bay md tdc gia da cd 
gang suta lai theo y kien cua ho. Toi cung xin cam dn cac dong nghiep 
va hoc tro trong Phong Chan doan ky thuat cong trinh, Vien Cd hoc da 
ho trd trong viec tinh toan minh hoc bang so, ve hinh... 

Cuon sach nay chac cung khong trdnh khoi nhitng sai sot, mong 
rang se nhqn ditdc nhitng gop y cua cac dong nghiep. 

Moi y kien gop y luon ditdc don nhan mot each tran trong va xin 
giti vi: Vien Cd hoc, 264 Doi Can, Ha Noi. 


Tdc gia. 
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NHAP MON 

DONG LUC HOC CONG TRiNH 


0.1 Khai niem ve dong lufc hoc cong trinh. 
a. Khai niem ve dong liic hoc 

Cd hoc noi chung la khoa hoc ve chuyen dong va sii can b&ng 
diidi tac dung cua cac liic khac nhau. Neu chi xet cac trang thai can 
bang cua vat the dudi tac dung cua luc ngoai ta co bai toan cua tinh 
hoc. Trang thai can bang dUdc hieu la khong co chuyen dong, ttic khi 
do vat the co gia toe va van toe bdng khong. Suy luan nay thong 
thUdng se dan den mot quan niem cho rbng tinh hoc da bo qua yeu to" 
thdi gian khi nghien cdu trang thai can bang cua cac vat the. Va do do 
cac bai toan trong do co tinh den yeu to" thdi gian deu dtfdc coi la dong 
luc hoc. ThUc chat, quan diem nay chUa dby du. Yeu to" thdi gian chi 
la dieu kien can chd chita du cua dong lilc hoc. 

Dong h/c hoc la mot bo phan cua co hoc nghien cii’u chuyen dong 
cua cac vat the co ke den quan tinh cua chung. 

Quan tinh la mot thuoc tinh cua vat chat, co xu hildng bao ton 
trang thai dang ton tai, chong lai nhutng tac dong ben ngoai nham 
thay doi trang thai san co cua chung. Quan tinh ditdc dac trUng bdi 
kho"i ludng va liic quan tmh dufdc tinh bdng khoi lutdng nhan vdi gia 
toe cua vat the trong chuyen dong. Nhuf vay, quan tinh la dau hieu cot 
loi cua dong l\ic hoc. Neu bo qua quan tinh, tile cho gia toe b^ng 
khong, thi bai toan khong con la dong lUc hoc nba mac du van co the 
chiia yeu to" thdi gian. 

Neu tinh hoc co lich su( lau dai ciing vdi Cd hoc, thi dong lhc hoc 
chi thiic sii trd thanh mot bo phan cua Cd hoc nhd nhutng phat minh 
cua Newton. Ba dinh luat cd ban cua Newton trd thanh nhutng vien 
gach dau tien xay nen bo mon dong luc hoc co dien. Trong cac dinh 
luat nay, quan trong nhat do"i vdi Dong liic hoc la dinh luat thut hai 
“Tong hop tat cd cac hie ngoai tac dung len mot vat co khoi liictng m 
va gia toe a bang ma (khoi liiOng nhan vdi gia toe)". Tii tUdng cd ban 
nay cua dong luc hoc van con y nghia cho den ngay hom nay trong Cd 
hoc. 
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b. Khai niem ve cong trinh 

Trong Cd hoc co dien cua Newton, ngddi ta chi xet den cac chat 
diem. Sau nay co nghien cdu den cac vat ran tuyet doi. Day la doi 
tddng chinh cua cd hoc ly thuyet ma da co thdi trd thanh mot mon hoc 
cd ban cua sinh vien cac nganh khoa hoc td nhien va ky thuat. Trong 
sd phfit trien cua cd hoc sau nay ngddi ta da md rong doi tddng sang 
cac vat the co the bien dang. Cac vat the nay thddng xac dinh bang 
cac ham so phu thuoc khong chi vao thdi gian ma con phu thuoc ca 
vao toa do trong khong gian chda vat the do. Vi vay cac vat the bien 
dang tao thanh he ’cd hoc vdi cac tham so* phan bo" lien tuc va thu’dng 
dndc goi la he lien tuc hay he vo so* bac trf do. 

Cong trinh la mot he cd hoc gom nhieu vat the bien dang lien 
ket vdi nhau tao thanh mot chinh the thne hien mot so^ chuc nang 
dinh san. 

Vi la mot he cd hoc phde tap gom nhieu thanh phan khac nhau 
lien ket lai thanh mot doi ttfdng co hinh dang kich thufdc, nen cong 
trinh thuc chat la mot he vo so" bac tn do. Sd do cau true cua cong 
trinh diidc goi la ket cau cong trinh. Cac tham so" de mo ta ket cau 
cong trinh bao gom cac tham so" hinh hoc, vat lieu, lien ket gida cac 
phan td va vdi moi trddng. Nhd mot he cd hoc, ket cau cong trinh cd 
cac dac trdng dong luc hoc nhd tan so", dang dao dong rieng,... va cac 
tham so" trang thai lam viec nhd chuven vi, van toe, gia toe, dng suat, 
bien dang,... 

Nhd vay dong ldc hoc cong trinh la khoa hoc nghien cu’u cac dac 
trdng dong ldc hoc va trang thai dng suat, bien dang cua cong trinh 
dddi tac dung cua cac tai trong ngoai co ke den quan tinh cua chung. 

Nhdng khai niem chinh cua dong ldc hoc cong trinh dddc trinh 
bay trong chddng 1. 

0.2 Mo hinh hoa cong trinh 

Viec ti'nh toan dong ldc hoc cong trinh trd nen phde tap do sd co 
mat cua ldc quan tinh ma chinh ldc quan tinh nay lai phu thuoc vao 
khoi lddng va chuyen dong cua cong trinh. Cac cong trinh la cac he cd 
hoc cd khoi lddng phan bo" lien tuc trong khong gian nen ldc quan tinh 
cung la mot trddng vec td phan bo" trong khong gian, do do ve nguyen 
tac, bai toan dong ldc hoc cong trinh thddng dddc mo ta bdi cac 
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phufdng trinh vi phan dao ham rieng rat philc tap. Noi chung, de giai 
bai toan dong ltlc hoc cong trinh, ngUdi ta cdn phai tim each mo ta 
cong trinh mot each ddn gian nhtfng sat vdi thuc te nhat. Dudi day 
trinh bay so hide ve mot so"mo hinh thong dung cua cong trinh. 

a. Mo hinh tap trung khoi litc/ng 

Day la sU mo hinh hoa, gia thiet mot each gan dung rdng sU 
phan bo khoi lvfdng lien tuc trong khong gian cua cong trinh dude quy 
ve tap trung tai mot so diem nao do. Khi do cong trinh thUe chat dUdc 
thay bang mot he hhu han cac chat diem va bai toan dong life hoc 
cong trinh trd nen ddn gian hdn vi lUc quan tinh dhde xac dinh tai cac 
diem khoi lhdng tap trung. Luc nay, bai toan dong lUc hoc cong trinh 
dufdc mo ta bdi he cac phUdng trinh vi phan thitdng. Tuv nhien, viec 
tap trung bao nhieu khoi lttdng, viec quy doi khoi ltfdng tai tOtng diem 
va lien he giha cac chat diem nhu the nao de dam bao do chinh xac 
cua ket qua phan tfch dong lUc hoc la van de phu thuoc vao kinh 
nghiem va sU hieu biet cua tting chuyen gia doi vdi tefng loai cong 
trinh cu the. 



Hinh 1.1.1. Dam ddn gian va mo hinh cac khoi lddng tap trung thay the 


b. Mo hinh toa do suy rong 

Mo hinh nay dufdc xay diing dua tren mot tap vo han dem dUdc 
cac tham so" phu thuoc thdi gian. Cd sd toan hoc cua viec mo hinh hoa 
nay la sU ton tai khai trien triidng chuyen vi cua he dUdi dang tong 
chuoi vo han cac ham trite giao ^ n (x,y,z) da biet thoa man cac dieu 
kien bien hinh hoc 

x 

u(x, y, z,t) = Y J b H (x, y, z) 

H - 1 

'X> 

hoac = £ B n cos(co ;j t + a n y¥ n (x, y, z) 

n — I 

= cos(co„ t) + B* sin(co H 0)^ (1 (x,y,z). 

n-\ 


(0.1) 
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Khi do cac he so" b„(t) Ung vdi moi dang chuyen vi cho trudc P n (x,y,z) 
dUdc xeni la cac toa do suy rong cua cong trinh. Tuy nhien viec tinh 
toan vdi tap vo han tham so" la khong the tie'n hanh duoc. Nen riguoi 
ta phai ngat duoi, giu? lai mot so' htfu han cac toa do suy rong. Khi do 
Idi giai bai toan chi la gan dung. Do chi'nh xac cua phUdng phap toa do 
suy rong se tang len neu ta lay nhieu so' hang cua chudi xa'p xi, tuy 
nhien khi do khd'i lUdng tinh toan cung tang len dang ke. 

c. Mo hinh phdn tit hitu hart (PTHH) 

Nhu cau chi'nh xac hoa cac mo hinh ddn gian neu tren trong vice 
mo hinh hoa cong trinh da thuc day cho sit xuat hien mot phUdng 
phap mo hinh hoa mdi, goi la phUdng phap phan tu hUu han (PTHH). 
Day la mot phUdng phap cd ban, hien dai va thong dung nhat hien 
nay dung de mo hinh hoa va phan tfch tinh, dong luc hoc cac cong 
trinh. Y tUdng cua phUong phap PTHH thuc chat la dua tren hai each 
mo hinh hoa neu tren va noi dung cua no nhvr sau: Chon mot tap hUu 
han cac diem nut tren cong trinh vdi cac toa do suy rong dinh san roi 
tim each tap trung kho'i lUdng vao cac diem nut va bieu dien trUdng 
chuyen vi cua cong trinh qua cac toa do suy rong nay mot each hop ly 
nhat de cuo'i ciing xay dung dUdc mot he rdi rac mo ta bang phu’dng 
trinh vi phan thUdng doi vdi cac toa do suy rong; sau khi tim dUdc vee 
td chuyen vi nut, cac dac trUng va trang thai Ung suat, bien dang cua 
cong trinh tai bat ky diem nao tren cong trinh deu co the xac dinh 
dUdc. Mac du phUdng phap PTHH dang dUdc sU dung rat rong rai 
trong thuc te, nhung day cung chi la mot phUdng phap gan dung, van 
edn phai dude phat trien de co the ap dung cho viec mo ta cac cong 
trinh phuc tap mot each chi'nh xac hdn. 

Cac phUdng phap cd ban hien dai co the ap dung mot each hUu 
hieu trong Dong luc hoc cong trinh dUdc trinh bay trong chUdng hai 
cua cuo'n sach nay. 

0.3 Cac dang tai trong tac dong len cong trinh 

Trong qua trinh sU dung, cac cong trinh chiu nhieu loai tai 
trong khac nhau. Tai trong tinh la dang tai trong ban than, trong 
lUdng cua vat the da co san tren cong trinh hoac tai trong dUdc dat len 
he mot each th tif, em dem trong mot thdi gian dang ke gay ra gia to'c 
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bien dang be co the bo qua liic quan ti'nh. Tai trong dong la dang tai 
trong phu thuoc thdi gian va gay nen gia toe khong the bo quii. Trong 
thuc te, hau het cac tac dong len cong trinh la tai trong dong va mang 
tinh ngau nhien (phuc tap khong the biet triidc diidc). Tuy nhien cung 
co nhbtng tac dong co the mo ta bang cac ham tien dinh nhii tai trong 
tubn hoan, tai trong xung tbc thdi hay tai trong dang bat ky theo thdi 
gian gay ra gia toe bien dang ldn. Tai trong tudn hoan la tai trong lap 
lai trong mot khoang thdi gian nhat dinh nhii tai trong phat sinh khi 
dat mo td co do lech tarn len cong trinh, tai trong song... Sii dung khai 
trien chuoi Fourier, viec tinh toan cong trinh chiu tai trong tuiin hoan 
bat ky dan ve viec tinh cong trinh chiu tai trong dieu hoa ddn gian 
dang sin, cos. Tai trong xung the thdi nhu tai trong do no min, dong 
coc bang bua, do va dap, dong dat..., xay ra trong mot thdi gian ngan 
gay ra sU thay doi van tob bien dang tai cac diem vat chat cua cong 
trinh. Cac dang tai trong tren day xem nhu la da xac dinh dUdc ve 
dang va ve gia tri. Viec xet den tinh ngau nhien cua cac tham so va 
dang tai trong nam ngoai pham vi trinh bay cua tai lieu nay. 

Mot so" bai toan dong lvic hoc eu the, nghien cifu cong trinh duoi 
tac dong cua mot so" dang tai trong hay gap trong thuc te dude trinh 
bay trong Chiidng 3. 

0.4 Cac nguyen ly cd ban cua dong ldc hoc cong trinh 

Newton da dua ra dinh luat cd ban de thiet lap phutdng trinh 
chuyen dong cua he cd hoc, tuy nhien dinh luat nay kho ap dung cho 
cac he phiic tap, vi du nhd he chiu rang buoc. De thuan tien cho viec 
thiet lap phufdng trinh chuyen dong cua cac he cd hoc, nhiing nguyen 
ly khac nhau, ma thde chat la sii mo ta khac cua dinh luat cd ban, da 
dUdc nghien cutu va phat-trien. Diidi day xin gidi thieu mot so" nguyen 
ly cd ban ling dung trong dong liic hoc cong trinh. 

a. Nguyen ly D’Alembert 

Nguyen ly nay xuat phat tit dinh luat thd hai cua Newton va 
diidc phat bieu nhof sau 

“Tong vec td cac litc tac dung len vat the, ke cd li/c quan ti'nh, 
bang khong”. 

Trong bai toan dong lUc hoc cong trinh, ldc tac dung len vat the 

gom: 
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F t la luc quan tinh bang khoi lUdng nhan vdi gia toe va lay dau 
trti; 

F s . la luc dan hoi trong vat the chong lai sU bien dang cua cong 
trinh thiidng diidc mo hinh nhif la 16 xo vdi do edng 16 xo da biet; 

F d la lUc can trong vat the tieu hao mot phan nang lUdng, chuyen 

thanh nhiet... thiidng diidc mo hinh nhii can nhdt ty le vdi van toe 
bien dang; 

la luc ngoai tac dong len he. 

Khi do theo nguyen ly D'Alembert 

Fj + F s +F D +F,>= 0; F, = -m - ) .. (0.2) 

dt~ 

ThUc chat, nguyen ly nay da dUa bai toan dong luc hoc ve mot 
bai toan tinh hoc nhd khai mem lUc quan tinh. Nguyen ly nay chi ap 
dung khi tat ca cac liic ngoai deu co the tinh diidc. 

b. Nguyen ly cong khd dl 

Nguyen ly D’Alembert neu tren la biidc dau phat trien dinh luat 
Newton va ta thay rang thuc chat phiidng trinh chuyen dong cua 
dong luc hoc cung la sii can bang cac hie. Nhiing cac phUdng trinh van 
d dang veetd va noi chung khd ap dung cho cac he chiu rang buoc. Sii 
phat trien tiep theo cac nguyen ly dong luc hoc la nguyen ly cong kha 
di. Nguyen ly nay dha tren khai niem dich chuyen kha dl, the la 
nhiing chuyen vi co the, thoa man cac rang buoc cua he, diidc phat 
bieu nhii sau: 

"Cong cua tat ca cac lute tac dong len vat the tren cac dich 
chuyen khd dl bang khdng." 

Trong bai toan dong ldc hoc cong trinh, nguyen ly cong kha di co 
tl*b diia ve dang 

\z T adV = Jujj/V dV+ filfsdS + 'EuJf/. (0.3) 

vdi p la mat do khoi liidng; a la triidng ling suat phat sinh trong vat 
the; f v , f s , f£ la cac liic khoi, luc mat va luc tap trung tac dong len 
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he; s', u v , u s , u la cac bien dang va chuyen vi kha di thoa man cac 

lien ket hinh hoc ben trong vat the, tren be mat va tai cac diem dat 
ldc tap trung. 

Thiio chat day van la sU can bang cua cac lac, nhang dUdc xet 
trong khong gian cac dich chuyen kha dl l/u diem noi bat cua nguyen 
ly nay la cho phep thiet lap phudng trinh chuyen dong cua cac he chiu 
rang buoc va thay vi phai tinh toan cac dai lacing vecta thi ci day chi 
can tmh mot dai laong vo hadng la cong cua cac lac. 

c. Nguyen ly bien phdn 

Du nguyen ly cong kha dl da dddc phat trien them mot bade so 
vdi nguyen ly D'Alembert, nhang no van kho ap dung cho cac he vefi 
khoi lddng phan bo. De giai quyet kho khan nay, cac nguyen ly bien 
phan da dUdc quan tarn phat trien. Tu tUdng coi nguon cua chung, 
theo chung toi, xuat phat td nguyen ly Dirichlet trong tinh hoc: Tai 
cac vi, tri can bang on duih, the nang cua he dat gia tri ci/c tieii. Cac 
nguyen ly bien phan cung dan den tim cUc tieu cua mot phiem ham 
bieu dien cac ctac trUng cd hoc cua he. Chfnh vi the ma phudng trinh 
thu dUdc cung la mot clang phudng trinh can bang. Dai dien cho cac 
nguyen ly bien phan la nguyen ly tac dung toi thieu cua Hamilton, 
dUdc xay dUng dUa tren nhdng tinh toan bien phan cua nang lUdng 
trong mot khoang thdi gian [t^C] bat ky 

]d[T(t) - V{t)]it + j5W(f)df - 0, (0.4) 

r : 


trong do T la dong nang; V la ham the nang cua cac lUc bao toan bao 
gom the nang bien dang va the nang cua cac lac ngoai bao toan; W la 
cong cua cac lUc khong bao toan nhU lUc can, cac lac ngoai khong co 
the; d'la toan td bien phan. 


Ap dung nguyen ly nay cho mot he da dUdc rdi rac hoa, ta dUdc 
he phudng trinh Lagrange 


d_ 

dt 


8T dT av 

3? J + J ’ 

Qj - ; j = 1.2,...re, 

J 


(0.5) 
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trong do q } , j =l,...,n la cac toa do suy rong cua lie; T la dong nang; V 
la the nang; Qj la lUc suy rong tUdng Ung vdi toa do suy rong q r 
PhdOng trinh nay la cd sd de nghien cdu dong luc hoc cua nhieu he cd 
hoc khac nhau, trong do co ca he phan bo, tuc ca cong trinh. 

Ca ba nguyen ly tren day deu co gia tri tufdng difdng nhau va 
cung dan ve mot he phvldng trinh chuyen dong, viec lu'a chon each xay 
dung nhuf the nao tuy thuoc dang bai toan va ngUdi khao sat lUa chon. 
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Chuttng1 

NHLfNG KHAI NIEM CO BAN 
CUA DONG LUC HOC CONG TRINH 

1.1 He mot bac W do 

1.1.1 Khdi niem bac tU do 

Bac til do cua mot he co hoc la tap hop cac tham so” doc lap toi 
thieu du de xac dinh vi tri va hinh dang ban than he mot each duy 
nhat trong khong gian. Cac tham so" nay dilpc goi la cac bac til do hay 
toa do suy rong cua he. So" lilpng cac tham so" trong tap hpp neu tren 
goi la so" bac til do cua he. He cd hoc co the co mot, nhieu hay vo so" bac 
til do. Tren hinh 1.1.1.a la dam khong khoi lilpng mang vat nang m, 
d§ xac dinh vi trf cua vat nang ta can biet do v5ng y tai tiet dien dat 
vat nang, khi do he dildc xem la 1 bac til do. Tuy nhien, neu chuyen vi 
doc true cua ddm xap xi chuyen vi ngang cua tiet dien thi can 2 tham 
so mdi xac dinh vi tri khdi lilpng m, khi do he dupe xem la co 2 bac til 
do. Tren hinh 1.1. l.b la he 2 thanh khong co khoi lilpng mang mot vat 
nang m nhilng can hai thong so" mdi xac dinh dilpc vi tri cua khoi 
lilpng m 6 trang thai bien dang, nhil vay he dilpc xem la co 2 bac til 
do. 


|Ay 


Hinh 1.1.1 Xac dinh so" bac til do: a) He 1 bac til do, b) He 2 bac til do 

Trong Co hoc, ngildi ta thildng phan biet hai dang he theo so" 
lilpng bac til do. Do la cac he hdu han bac til do va he vo so" bac til do. 
Viec chon cac bac til do (hay toa do suy rong) phu thuoc vao chu the 
nghien chu cua doi tilpng. So" bac til do noi chung la cac so til nhien, 
tuy nhien cung co khi phai dung den ca cac so le nhil 1 + 1 /2 de mo ta 
so" bac til do cua cac he philc tap. Nhilng he hdu han bac til do dong 
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vai tro cd sd de nghien ctiu cac he vo so" bac til do va do do cung thuoc 
cac khai niem cd ban cua dong Inc hoc cong trinh. 

1.1.2 Khai niem ve dao dong 

Ta nghien ctiu chuyen dong cua mot con lac toan hoc ddn gian 
nhu trong Hinh 1.1.2. Chat diem co khoi ludng m, tap trung d dau day 
khong trong lifdng do dai L difdc co" dinh dau kia tai mot diem A nao 
do. Vi tri cua chat diem trong mat phang ditdc xac dinh bang hai toa 
do x va y. Nhdng vi mot dau day co" dinh va khoang each tti vat den vi 
tri A khong doi bang L nen he se chi co mot bac tu do, do la goc giiia 
doan day tao vdi phifdng thang ddng, ky hieu la <p. 

Chon he toa do nhd trong hinh ve, ta co 

x ~ L sincp,y - L{ 1 - cos(p). 


Khi do dong nang va the nang cua vat bang: 

T = -^ra(j 2 + y 2 ) = ^ rnL 2 <p 2 , 
V = mgy - mgL(l - coscp). 


( 1 . 1 . 1 ) 



Hinh 1.1.2. Dao dong cua con lac don gain 
Bo qua nhufng hie khac, phitdng trinh Lagrange cua he co dang 

cp + (g/ L)sin (p = 0 , 

trong do g la gia toe trong trtfdng. Day la mot phitdng trinh vi phan 
bac hai phi tuyen, sau khi khai trien Taylor ham sin, co dang 

i ® 0 ■? 2 § 

9 + w 0 (p “ —<p' +... = 0; o> 0 = —. 
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Neu chi xet thanh phan bac nhat ta dupe phUdng trinh cd ban 
bieu dien dao dong dieu hoa 

(p + o^tp = 0 . (1.1.2) 

PhUdng trinh nay cho ta nghiem 

cp - a sin(a) o t + 6) (1.1.3) 

bieu dien mot dao dong dieu hoa v6i bien do dao dong a, tan so dao 
dong lo^hay chu ky dao dong bangT = 2n /co 0 ) va pha ban dau 0 
(Hinh 1.1.3). Dao dong dieu hoa nay co the bieu dien d dang phiic 

<p - Re{Ae-' 1,> "'} , 

trong do A goi la bien do philc cua dao dong dieu hoa A = aie ' u va 

a - j A|; 0 = -argA + y. (1.1.4) 

Vi vay thong thiidng ta six dung dang phiic cua dao dong dieu hoa 

X = Ae . (1.1.5) 

Trong trUdng hdp dao dong til do khong can cua he mot bac tu 
do, bien do va pha ban dau dude xac dinh bang dieu kien dau 
cp(0) = cp n ,(p(0) =(p (J , the 



Hinh 1.1.3. Dao dong tu do khong co can 
Khi ke den luc can nhdt ty le vdi van toe, dao dong tu do cua he 
mot bac tu do co can dupe mo ta bang phUdng trinh 

z + 2C,io 0 z + (HqZ = 0. 

Nghiem phUdng trinh bieu dien mot. dao dong tat dan 


(1.1.7) 
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z = ae sin((o i) / + 0), 


( 1 . 1 . 8 ) 


“ D 


= cOoVl-C 2 


vdi C, la mot so" dUdng va dUdc goi la he so tat dan dao dong , dac trUng 
cho lac can nhdt, con la tan so" dao dong cua he co can (Hinh 1.1.4). 
Trong khuon kho dao dong chung ta chi xet tracing hdp he so tat d&n 
nho hdn 1 (0<C, < 1). Bien do a va pha ban dhu 9 cua he co can dUdc 
xac dinh biing dieu kien dau 2 ( 0 ) = 2 0 ,i( 0 ) =i 0 co dang 



Hinh 1.1.4. Dao dong tvj do co can nho 

Ky hieu z n va z„ w la hai dinh dudng lien tiep cua dao dong tai cac thdi 

271 271 ✓ 

diem n— —va (n +1)-; 5 la he so suy giam dao dong logarit 

z r ... ^ 

6 = In——. Khi do ta co the xac dinh he so tat dan dao dong C, tit 

^ n +1 

phUdng trinh 

5 = 27r^/Vr^ T ^C = 5/V47t 2 ""-5 2 . (1.1.10) 

1.1.3 Dao dong citdng bite - cac dac triing tan so 

Xet. he cd hoc dUdc mo ta trong Hinh 1.1.5. Gia sd nen bi dich 
chuyen vdi gia toe y{t) va chuyen dich tuyet do! cua vat la z{t). Chon 

goc toa do tUdng Ung vdi diem can bang tmh cua 16 xo, khi do dong 
nang va the" nang cua he bdng 
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T = ; V = ^k(z-y) z . (1.1.11) 

Luc suy rong la lUc can bang Q = -c(z-y ), PhUdng trinh Lagrange 
cho ta 

mz + c(z ~ y) + k(z ~ y) - 0. (1.1.12) 

A z(t) 



Hinh 1.1.5. Dao dong cua he mot bac tu do co xet den anh 
hadng cua chuyen vi nen. 

Dua vao toa do suy rong x - z - y la chuyen vi tUdng do) cua vat the 
so vdi nen, ta dUdc phUdng trinh 

mx + c x + kx - -my(t). (1.1.13) 


Nhu vay, dao dong cua he 1 bac tu do co nen bi dich chuyen vdi gia toe 
y(t) la mot trUdng hdp rieng ciia bai toan dao dong cua he 1 bac tu do 

chiu tai trong bat ky (Hinh 1.1.6) dude bieu dien bang phUdng trinh 


hay la 


trong do 


mx + c x + kx = P(t) 


x + 2C,co 0 x + (O'x = 


Pit) 

m 



(1.1.14) 


(1.1.15) 


(1.1.16) 


vdi lUc tac dung P(t) = -my(t). 

Xet phUdng trinh dao dong (1.1.14). Gia sU tai trong ngoai la 
qua trinh dao dong dieu hoa P(t) = P () e' wl vdi bien do phtic P {) va tan 
so" co. Khi do, nghiem d&y du cua (1.1.15) co dang 




14 Nguyen Tien Khiem. Dong litc hoc cong trinh 


x = x r {t) 4 x (t) = ae s "’" sin((o Zi £ + 0) + Ae'"‘ , 


A = A ((d) = — 


PJm 


(1.1.17) 


G)^ — CD" 4 2i<^co 0 co 


trong do x r (t) la nghiem tong quat phu thuoc vao dieu kien dau 
x(0) = .r„,jc(0) =x () , la dao dong dieu hoa tat dan dude goi la qua trinh. 
chuyen tiep; x,,(t ) la nghiem rieng khong phu thuoc vao dieu kien ban 
dau, la dao dong dieu hoa co tan so" bang t&n so" lute kich dong eo va 
bien do phde A(a>) la mot ham cua thn so" kich dong va ditdc goi la dao 
dong citdng bife cua he. 



Hinh 1.1.6. Dao dong cua he mot bac tu do dUdi tac dung cua luc cUdiig btic. 
Bien do a P va pha dau 0p cua dao dong citdng bde co dang 


a,, = |A| 


PJm 


M - or) 2 4 dc/co’oo 1 


, 0 P = arctan ^ C0()tQ > ; (1.1.18) 


(O’ - (O’ 


lan lu'dt dude goi la dac tiling bien do - tan so" va dac triing pha hay 
cac dac triing pho cua he da cho. 

Ham phde 

P. t 

K( o)) = — - k- may 4 icc o 

A (1.1.19) 

diidc goi la do cling dong (Dynamic Stiffness ) cua he mot bac tu do. 
Ham nay la ty so" gida bien do phde cua lUc tac dung va bien do phde 
cua dich chuyen (y nghia do edng) va phu thuoc vao tan so" luc kich 
dong (y nghia dong luc hoc). DS dang nhan thay 7f(0) = k, dac trUng 
cho do edng tlnh. 

Ham phde 
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»(«>) = = 7-V—“ (1.1.20) 

A (03) k ~ 77HO' 4- JC(0 

dupe goi la do mem dong hay ham phan Otng tan so. 

Trd khang ccf hoc (Mechanical Impedance) cua he la dai lupng 
dupe xac dinh bang ty so" gifla bien do phiic cua lUc tac dung vpi bien 
do phUc cua van toe va co dang 


/(co) - —— = (k- mev + icc o) / to>. 
ho A 


Ham phUc 


M(c o) = 


1 


l CO 


/(oo) k - mor + icco 


( 1 . 1 . 21 ) 


( 1 . 1 . 22 ) 


dupe goi la do dan ccf hoc (Mechanical Mobility) cua he mot bac tu do. 
M(cd) la mot ham phufc co phan thUc va phdn ao nhu sau 


Re(ui) = 


car 


(k - co 2 m) 2 + (cco) 2 ’ 


Im(ra) - 


co( k - in co 1 ) 


(k - co 2 in) 2 + (cco) 2 


De dang nhan thay doi vdi cac ham tren ta co hang dang thuc 


Re(oi) 


2c 


[im(fo)] 



(1.1.23) 


v6i moi co. Tren mat phang phtic true hoanh la phan thuc va true 
tung la phan ao cua ham do dan cd hoc thi do dan cd hoc dupe bieu 
dien bdng mot dudng tron ban kinh bang 112c vbi tarn tai diem co toa 
do ( 1 !2c, 0), xem Hinh 1.1.7. 
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DUdng tron nay cli qua gdc toa do (ling vdi to = 0), cat true hoanh tai 
diem ling vdi w = o) n = yjk / m (tan so" rieng), khi do phan thiic hay 
chfnh gia tri cua do dan cd hoc bdng 1 !c. DUdng tron nay dUdc goi la 
cliu trinh Nyquist cua do dan cd hoc. R5 rang la dac tlnh neu tren cho 
phep ta tim dUdc tan so" rieng va he so can cua he neu biet dUdng tron 
Nyquist cua do dan cd hoc. Chi c&n tim giao diem cua dUdng tron vdi 
true hoanh, khi do gia tri cua tan so" tUdng ling vdi giao diem bang tan 
so"rieng, con he so"can la nghich dao cua hoanh do giao diem. 

Titdng til ta cd the xay dung chu trinh Nyquist cua ham do mem 
dong hay phan ring tan so 'H(co) neu tren. 

1.1.4 Ham phan ling xung 

Tai trong xung thudng dUdc dac trUng bdi lUc co gia tri lo'n xay 
ra trong mot khoang thdi gian ngan. 

Ta co the bieu dien xung Pit) d dang 

0 t < x — e 

P 

P(t)-\ - T-G<1<T + E (1.1.24) 

2e 

0 t > x + e 

nhu tren Hinh 1.1.8 vdi e > 0 la mot so du nho. 

PI 


Hinh 1.1.8. Tai trong xung 
Xung ludng cua tai trong P(t) la 



P 

/ P (s) = \P(t)dt= JpCM* = ~-2e = P. 


Nhu vay, ham P(t) chi khac khong trong lan can [t - e, t + e] va cd tinh 
chat ^P(t)dt = P. Khi s -» 0 thi ham P(t) dUdc goi la ham Delta - 
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Dirac vdi ctibng do I - P. TrUdng hop xung co ctibng do bang 1 ky 
hieu la b(t) vdi tmh chat 


5(0 = 


« t = 0 
0 t * 0 


; / c = |8(0^ = 1 


(1.1.25) 


Xet he 1 bac tti do d thbi diem ban dau dting yen 
x(0) = 0; x(0) = 0 chiu tai trong xung P{t), khi do phtidng trinh chuyen 

dong cua he la 

mx + cx + kx - Pb(t). 

Rien doi Laplace hai ve phUdng trinh cuoi ta dtipc 

(ms 2 +cs + k)X(s) = P , 

tti do suy ra 

P 

X(s) =--r. 

ms~ +cs + k 

Bien doi Laplace ngtidc dang thtic cuoi ta se dupe 

x(t) = Ph(t), (1.1.26) 

trong do ham so ' h(t) 


h(t) = 


1 


-s<v 


sin^w^O t > 0 


m co. 


0 


t < 0 


(1.1.27) 


la chuyen vi cua he dtidi tac dong cua ham xung Delta - Dirac 5(0- 
Ham so" h(t) dupe goi la ham phan ting xung cua he. De dang nhan 
thay tac dong cua tai trong xung <5(0 doi vdi he 1 bac tti do tudng tti 
vdi viec ap dung dieu kien dau a(0) = 0; ir(0) - 1 / m . 


Bien doi Fourier hai ve phUdng trinh (1.1.27) ta dtipc 

1 


H(U ») = \h(t)e~ i,Dt dt = 


ra(ico) 2 + c(/<a) + k 


(1.1.28) 


So sanh vdi cong thtic (1.1.20) ta thay ngay bien doi Fourier cua ham 
phan ting xung chinh la ham phan ting tan so. Thtic hien phep bien 
doi ngtidc Fourier doi vdi ham phan ting tdn so (1.1.20), ta thu dupe 




2n J k- mo* i icoi 


O'Vco = 




sin(Cto i,D = h(t) 


m cd , 
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Nhd vay, ham phan ting tan so va ham phan ting xung la mot 
cap bien doi Fourier thuan nghich. 

1.1.5 Tick phan Duhamel 

Xet he mot bac tu do tai thdi diem ban dau dting yen 
x(0) - 0; .t(0) = 0 chiu tai trong P(t) bat ky vdi phitdng trinh dao dong 

co dang (1.1.14). Theo ly thuyet phddng trinh phi phan thiidng tuyen 
tmh ta co nghiem thoa man dieu kien dau neu tren la 

i t 

x(t) = fP(x)h(t - x)dx - |P(£ - x)h(x)dx ~ 

0 0 

- T)e^‘”'' T sin(to^t) tit; t > 0. 

(1.1.29) 

Ti'ch phan (1.1.29) dtidc goi la tick phan Duhamel hay tick phan tien 
hoa. 

Neu tai thdi diem ban dau he khong dting yen, ttic la 
x(0) = jc () ; i(0) = v () , khi do nghiem day du cua (1.1.14) bao gom 

nghiem rieng la tich phan Duhamel (1.1.30) va nghiem tong quat, co 
dang (1.1.8) vdi hai hang so* tich phan dtfdc xac dinh tti cac dieu kien 
ban dau 

x(t) ~ |jc 0 cos((o D t) + —— ^ X{> °° sin(to D m 

to a 

1 j (1.1.30) 

, t 

+ - fP(T)e“ Cm " u_I) sin[co D G - t)]tit; t > 0. 

m o) D 1 

Trong bieu thtic tong quat (1.1.30) thanh phtin dau la nghiem dao 
dong rieng bieu didn qua trinh chuyen tiep va no se tat dan theo thdi 
gian. Thanh phan sau la ket qua cua su tac dong ciia tai trong, goi la 
dao dong eddng btic, cung vdi thdi gian thanh phan nay se tien den 
trang thai binh on 


—— ]pu 

ma u ; 


1 

x(t) = - \P{t - t)e''’ <,>,, sin(cj D t)tiT; t > 0 

m0)/) 0 . (1.1.31) 

Gia sti P(w) la bien doi Fourier cua tai trong P(t) va X(co) la 
bien doi Fourier cua phan ting x(t), ap dung dinh ly tich chap cua 
phep bien doi Fourier ta co difdc phddng trinh 
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■ r /,1 +'/; 

X(co) - ^x{t)e~ jv>t dt - | - x)dx 


+VS+CTJ 


e~ J '"‘dt = 


= J \P{x)h{t - z)e~ j<at dtdi = } \P(x)h(t')e- Mnn dtdt'= 

-</>— f/i 

(1.1.32) 

trong do i/(ioi)la ham phan ting tan so cua he. Chu y den quan he 
gitia ham phan ting ttin so" vdi do cting dong ta cung co moi lien he 


P(co) - .K(a>)X(ei). 


(1.1.33) 


1.1.6 He so dong lUc va tUa pho phan ling 


Trong thtic te, cong trinh la mot he cd hoc chiu nhieu loai tai 
trong, tac dong khac nhau nhti tai trong tuan hoan, xung, va cham, 
dong dat,... De danh gia dtidc kha nang chiu ltic cua cong trinh doi vdi 
cac tac dong nay, ta din phai danh gia dtidc phan ting cua cong trinh 
(chuyen vi, van toe, gia toe, hay mot chi’ tieu nao khac). Chi tieu ddn 
gian va thuan tien nhat la gia tri ctic dai cua chuyen vi dtidi tac dong 
cua tai trong. Do thi the hien moi lien he gitia gia tri chuyen vi ctic 
dai cua cong trinh dtidi tac dong cua mot tai trong nao do va tan so 
rieng cua he dtidc goi la tUa pho phan ting. Mot dac trUng khac rat 
thong dung la he so dong ltic, dtidc dinh nghia bang ty so gitia chuyen 
vi dong ldn nhat theo thdi gian va chuyen vi tinh cua he. Cac d&c 
trUng tren co the tfnh dtidc dtia tren cd sd ti'ch phan Duhamel (1.1.29), 
vi du chuyen vi ldn nhat cua he cd hoc do tac dong cua tai trong bat 
ky bdng 

maxjx(0| = max 


jP(i)A(f - t)cfx 

o 


mco 


„d-c : 


max 


JP(t)e 




sm 


01 


(t -T)\h 


Sau day ta xet mot so trtidng hdp quan trong hay gap. 


> 0. 

(1.1.34) 


a. Hien ttipng cong hiidng (Tai trong tuan hoan Pit) - P it e v "'). 


Ky hieu 


b T 


Po 

k 


(1.1.35) 


la chuyen vi tinh cua he (1.1.14) khi chon ltic tinh co gia tri bang hien 
do P 0 dat len he. Khi do bien do chuyen vi ctidng btic co dang (1.1.18). 
Ty sd gitia bien do chuyen vi ctidng btic a P vdi chuyen vi tinh d T bang 
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(1.1.36) 


chinh la bieu thtic giai ti'ch cua he so" dong hie. Gia tri he so" dong luc 
k d cang ldn thi hieu ling dong liic tac dong len cong trinh cang 16n. 
Neu tan so" tai trong ngoai co gan vdi t&n so" rieng co 0 thi xay ra hien 

fitting cong hitting. Khi cong hiidng, he so" dong lUc k d = — se Idn vo 

cung neu he so' can nho ^»0. Viec khong de xay ra hoac giam to'i da 
anh hufdng cua cong hcfdng do'i v6i cong trinh la mot trong nhufng 
nhiem vu chinh cua dong hie hoc cong trinh. 

Do thi he so" dong liic k d xac dinh tif (1.1.36) va goc pha Q P xac 
dinh th (1.1.18) theo ty so' gifla tan so' dao dong ctfdng bhc co va tan so" 
rieng cua he co 0 vdi cac gia tri he so" can C, khac nhau the hien tren 
Hinh 1.1.9. 



Hinh 1.1.9. Do thi he so' dong lgc k d va goc pha <p 
theo ty so' tan so'o>/a) 0 vcti cac he so'can C, =0.05; 0.1; 0.2; 0.5 

b. Ttia pho phan ting khi va cham 

Xet trUdng hdp liic ciidng bCic co dang nhii trong hinh 1.1.10. 

Theo cong thufc (1.1.29) ta co 
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x(t) = - — — \e Qaia{l sin[co D (f-T)]dT 

ma W 




Vi-? 




(1.1.37) 


vdi <() = arcf^g 




Po 


P(t) 


t 

-► 

t 


Hinh 1.1.10. 


Khi bo qua ltfc can trong he (£ = 0) 

P 

x(t) = — [l - cos co 0 1] 

k 

va chuyen vi 16n nhat la 



(1.1.38) 


(1.1.39) 


v6i 5 r la chuyen vi tinh cua he. Th do, ta thu diidc he so" dong luc cua 
he khong can la k d -2. 

c. Ttia pho phan ting vdi tai trong xung hinh ntia sin (Hinh 1.1.11) 



Hinh 1.1.11 
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Gia thiet he khong co can (C, = 0) va dting yen tai thdi diem ban 
dhu x(0) = 0; i(0) = 0, khi do nghiem phifdng trinh (1.1.14) co dang 


x(t) = \ 


v 


i- 


. t it T . 2 nt 

sin-sin- 

to 2 t 0 T 


V 2^o j 

5 T T/t 0 


1 - 


( rp \ 2 


\ 2t oJ 


sin 2n 


^ h, -1 i . 2Trt 


I - sin ■ 

T I T 


0 <t <t r 


t > t r 


(1.1.40) 


vdi T'=2 tt/oi 0 la chu ky dao dong va 5 r = P 0 /k la chuyen vi tlnh cua he. 

Tvt do ta thu diidc do thi tua pho phan Ung cua he nhu tren hinh 

1 . 1 . 12 . 



d. Viec xac dinh he so" dong luc doi vcli mot so bai toan dong ldc phtic 
tap hdn nhu bai toan dao dong cua dkm cau dudi tac dung cua tai 
trong di dong, bai toan dao dong cong trinh co xet den tai trong dong 
dat. se ddOc trinh bay chi tiet hon 0 chuong 3 cua tai lieu nay. 

1.2 He nhieu bac tu* do 

1.2.1 Cac dac trUng dong luc hoc 

Xet he cd hoc co hufu han bac tu do xac dinh bdi vectd toa do suv 
rong U - {U N } T . Khi do, dong nang va the nang cua he co dang 
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trong do M, K la cac ma tran doi xdng xac dinh dildng, dildc goi Ian 
lildt la ma tran khoi lilting va ma tran do cu’ng cua he. Vdi dong nang 
va the nang nay, he dildc xet trong khuon kho cac quy luat tuyen tinh 
cua cd hoc. 

Cac lute tac dung len he gom co hai loai: 

• Lilc can co dang Q c = CU ma trong tinh toan dong lilc hoc cong 
trinh noi chung chi xet trildng hdp can Rdlay, khi do 

C = aM + pK (1.2.2) 

vdi cac hang so" a, (3 dildc xac dinh tft thilc nghiem. Khi do ma tran he 
so" can C la doi xting va xac dinh dildng. 

• Lilc ngoai Q n = P(t) = {P, (t),...,P N (l)} r . 

Khi do phildng trinh Lagrange cua he co dang 

MU(t) + CU(t) + KU(t) = P(t ). (1.2.3) 

Bai toan dao dong rieng dildc mo ta bang phildng trinh 

MU + KU - 0. 

Nghiem cua phildng trinh nay co dang 

U = Oe'“' 

vdi co, O dildc goi la tan so" rieng va dang dao dong rieng cua he. Cac 
tan so" rieng dildc xac dinh til he phildng trinh dai so" 

det[if - co 2 M] = 0 (1.2.4) 

va cac dang dao dong rieng chuan hoa dildc xac dinh tu: phildng trinh 

[/f-<o 2 Af]{<J>) = 0; |{o|| = 1. (1.2.5) 

Co rat nhieu thuat toan va childng trinh de giai bai toan tri 
rieng neu tren, chung ta khong dufng lai d viec giai bai toan nay ma di 
vao trinh bay mot so" tinh chat cua cac tdn so" va dang dao dong rieng. 

Trildc het trong dai so" tuyen tinh, ngildi ta da chilng minh dildc 
rang bai toan tri rieng vdi cac ma tran do edng va khoi lildng la cac 

ma tran do"i xting, xac dinh dildng co N t&n so" rieng {co. to jV } la cac 

nghiem dildng va cac vec td dang rieng O, tildng ting vdi tan so" rieng 
(Oj thoa man dieu kien trile giao cd dang 

OfMO . = \ mj ’ i = ‘ 7 ; Of tfO . = \ kj ’ l ~ J . (1.2.6) 

J 1 0 , i*j J 10 , i*j 



24 Nguyen Tien Khiem. Dong Itfc hoc cong trinh 

That vay, tiJt phufdng trinh (1.2.5), ta co 

(K - u>)M)<&j - 0; (K - c o 2 k M)O k = 0. 

Nhan ve" trai hai phiidng trinh cuoi v6i vec td O ^^ lan liidt, ta se 
diidc 

- toJO'E’M®, = 0; 

O T jK(& k -tOjtD^MtJ^ = 0. 

Vi tinh doi xting cua cac ma tran K, M nen 

= <& T jK$> k , 

t&lMOj = OjAftP* 

va do do 

(coj - co=0. 

Neu j * k,(aj * io k , ta se nhan diidc (1.2.6). 

Cac tham so" mj,k } ,j = 1,2,..., N diidc goi la khoi liidng va do cting quy 

doi. Ngoai ra, cac dang dao dong rieng luon chtia mot hang so" bat ky, 
de xac dinh hing so nay ngiidi ta dua vao cac tieu chuan goi la phep 
chuin hoa dang rieng, vi du cac hang so" diidc lay bang 1 / yjm.j , khi do 
dang rieng chuan hoa thoa man 

oj mo. = i,v/. 

V6i cac tham so" khoi liidng va do cting quy doi nay, tin so" rieng diidc 
tinh mot each d§ dang 

= ^jkj / rrij , j = 1,2,..., N . 

Trong triidng hdp can Rayleigh, ta co them cac he so can quy doi 
tiidng ling 

Cj = (t>JCO y = Oj[aM + p j = amj + p kj . 

Do do he so" can ket ciu tiidng ting vdi dang dao dong rieng thti j 
bang 

C,j = 0.5c ; / mj - 0.5(a + pco~). 

Nhii v&y, doi vtii he htiu han bac tii do neu tren, ta co diidc tap hdp cac 
tin so" rieng, cac dang dao dong rieng va cac he so" can ket ciu tiidng 
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ting, tao thanh to hdp cac dac tritng dong luc hoc cua he da cho, viet 
diidi dang ba ma tran nhii sau 

Q = diagjwf ,...,co^ }, 

d-2.7) 

Z) = diag{C 1 ,.-.,Cw}- 

Den day ta co the chdng minh diidc mot menh de: 

Menh de 1.2.1. He cd hoc hQu han bac tu do tuyen tinh hoan toan 
diidc xac dinh neu biet tat ca cac dac trUng dong liic hoc cua no. 

That vay, nhu ban d£u da neu, he huu han b&c tii do tuyen tmh 
diidc xac dinh bdi ba ma tran M, K, C. Vi v$.y, neu biet cac dac trUng 
dong liic hoc cua he (1.2.6), ta co the ti'nh diidc cac ma tran khoi 
liidng, do cdng hay he so" can nhu sau: 

M = (0 T )” , (0)” 1 ; 

K =(0 r )- | Q(0)- 1 ; (1.2.8) 

C = 2 (0 r )" , i3(0)“ l . 

Vi ly do nay nen cac dac trUng dong luc hoc cua he con diidc goi la mo 
hinh dao dong cua he. Va mo hinh ban dau gom cac ma tran khoi 
liidng, do ciing va he so" can diidc goi la mo hinh khong gian cua he 
hiiu han bac tii do. 

1.2.2 Cac dac trUng pho 

Bay gid ta xet he da cho (1.2.3) vdi liic ngoai tac dung co dang 

P = Pe i<ot 

tdc mot liic dieu hoa vdi tan so" co va bien do phdc P . Khi do dap ling 
cua he cung co the tim dudi dang 

. U = Ue iat 

va bien do phiic cua dap ling se diidc tim tu: phiidng trinh 

(~( 0 2 M tcoC + K)U = P . 

Ma trhn phdtc 

K(w) = (-u> 2 M + iwC + K) (1.2.9) 

diidc goi la ma tran do cting dong cua he da cho. Ma tran do cdng 
dong phu thuoc vao thn so" liic kich dong co va cung mo ta quan he 
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giufa luc kich dong va chuyen vi tUdng tti nhil trong triidng hop tinh. 
Hien nhien, tai tan so bang khong thi 

K(0) = K, 

tdc la trd thanh ma tran do cting tinh ban dau. 

Ma tran 

H(o)) = K-'(«>) 

dude goi la ma tran do mem dong hay con goi la ma tran ham truyen, vi 

U - HP (1.2.10) 

mo ta sd truyen tac dung cua lde ngoai den cac bac to do tao thanh 
chuyen vi cua he. ThUc chat, ham truyen gida hai diem cua cong trinh 
la chuyen vi tai mot diem khi co ldc don vi tac dung 0 diem kia. Ro 
rang la ma tran do cting dong hay ma tran ham truyen cung deu mo 
ta mot each day du he da cho. Do do ngufdi ta goi ma tran ham truyen 
la mo hinh tan so hay mo hinh dong lUc hoc cua he. Trong mot so tai 
lieu, cac ma tran neu tren con dtfOc goi la dac triing bien do tdn so 
(pho) cua he da cho. 

De minh cluing cho viec cac ma tran do ciing dong hay do mem 
dong co the mo ta day du he da cho, ta xet he (1.2.3) tren quan diem 
phufdng phap khai trien theo dang rieng sau day. 

1.2.3 Khai trien theo dang rieng 

Gia su {co. . } va <t> = {<b,0); ij = 1,2,..., N} la cac tdn so 

rieng va dang dao dong rieng tUdng ling cua he da cho (1.2.3). Bieu 
dien nghiem cua phtfdng trinh (1.2.3) d dang 

U(t) = $>q(t) 

hay 

= > = 1,2,...IV (1.2.11) 

r=l 

va thay vao phUOng trinh (1.2.3). Tien hanh nhan vo hudng hai ve 
phiTOng trinh tCr phia phai vdi vec to O r va srf dung tinh triic giao cua cac 
dang dao dong rieng (1.2.6), ta dtfdc n phiidng trinh vi phan tach biet 

- m j q j (t) + c j q j (t) + k j q j (t) = j = 1,2,..., (1.2.12) 

5-1 


trong do 
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Den day ta thay ro y nghla vat ly cua cac tham so khoi ludng, do cting 
va he so" can quy doi. Chung dong vai tro khoi lUdng, do cting va he so" 
can cua cac he mot bac tu do quy doi. Dieu nay dong thdi cting neu bat 
ban chat cua phitdng phap khai trien theo cac dang dao dong rieng la 
dtia he nhieu bac tti do ve he mot bac tti do ma ehting ta da nghien 
ctiu ky d phan tren. 

Ro rang, neu ltic ngoai tac dung la dieu hoa co clang 

P.to^P.e** 

thi ltic ngoai quy doi cho he mot bac tti do se bang 

5 — I 


trong do 

/ri*,!#.; j = 1 . 2 ,..,AT. 

s= l 

Khi do toa do suy rong qj co dang dieu hoa 


(1.2.13) 


qj(t) = qje^ 


vdi bien do phtic la 

Qj = 

trong do 


ft 


k. - m,co 2 +ic ,-co 




Hj (co) - [kj - mjco 2 + iCj co] ’ . 


(1.2.14) 


Luc nay ta co the nhan dtidc bieu thtic cua dap ting chung cua he d 
dang 


Uj =I<t r O')9, =S®,d)i;H r (®)®,(s)P, = 


S=1 


-x 


s=l 


X^(co)O r O)O r ( S )ft. 


r=l 


(1.2.15) 


Trong trtidng hdp P s = 0, Vs * r , ta co 


Uj = P^H r (co)O r (j)0 r (s\Vr,j = 1,2,..., N. 


(1.2.16) 
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Chu y den bieu thdc cua ma tran do mem dong lute hoc neu tren, ta 
thay 


U. 

H JS ( co) = ^ 
P 


£H r ((o)O r O‘)<3> r (s). 

r-1 


Bieu thuc cuoi cho ta quan he giuta ma tran truyen hay ma tran do 
mem dong lilc hoc vdi cac dac tritng dong lUc hoc nhif sau 


hay la 


H(a>) = K-'(a) = [//,»] = 




H( <o) = 


~ 7 t k r - m r co 2 + ic t o> 


(1.2.17) 


Mo'i quan he mat thiet nay cho phep ta phat bieu mot menh de: 

Menh de 1.2.2. Mot he hutu han bac tut do tuyen tinh co the dUdc xac 
dinh hoan toan bang mot trong ba mo hinh: mo hinh khong gian, mo 
hinh dao dong va mo hinh dong lute hoc. 

Tut bieu dien (1.2.11), ta co 




< P T t MU(t) 


9>(0 


c P r .MU(() 


(1.2.18) 


Nghiem cua cac phutdng trinh tach rdi (1.2.12) co dang (1.1.31) 


. Qj(P) + q j(0)C,j«) 

qj(t) ~ e ' 1 <q,(0)cos® D t + —— ---— 

CO n 


-sinco 0 t : 


1 


m j {0 D, 0 


^Pj{z)e T) sinot) D (^ — t > 0, 


(1.2.19) 


trong do cac dieu kien d4u q y (0); q } (0) co dang (1.2.18) tai thdi diem 
t=0. 


Xet he chiu tai trong P(t) co thanh phan thut j la ham xung Delta - 
Dirac Pj(t)-h{t), con cac thanh phan khac deu bang 0. Ky hieu h kj {t) la 
chuyen vi cua bac til do thut k do tai trong xung ddn vi 5{t) dat tai bac 
tut do thut j gay ra. Ham h kJ (t) dude goi la ham phan utng xung cua he 

nhieu bac tut do. Gia thiet dieu kien diu U(0) = 0; [7(0) = 0 va tai 
trong thanh phan Pj(t) co dang bat ky, khi do chuyen vi tai bac tut do k 
co dang tich phan Duhamel (1.1.29) 
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i I 

U kj (t) = ^Pj(x)h kj (t - x)dx = t > 0 . (1.2.20) 


Vi h u (t-r) = 0 v6i t<r nen thiic hien bien doi Fourier hai ve cua 
(1.2.20), ta co 


-ii!>(r+0) 


d& 


-f-'r.i ■rva tvJ 

(/*>) = | c J |p,.(t)^.(9)c(t 

—</) _—'S) _ —cq_-<y> 

+«5 +vo 

- |P,(x)e-'"'dx jA w (0)e-'“V0 = H„.(o>)iV(o>). 

— <rj —go 

( 1 . 2 . 21 ) 

Nhil vay, doi v6i he nhieu bac til do, ma tran ham phan ling xung 
[A,. ; (0] va ma tran ham truyen [//^(w)] la cac bien doi Fourier cua 
nhau 

-Ho +<» 

H v (o>) = A„tt) = — (1.2.22) 


tUdng til nhuf he mot bac til do (cac cong thdc (1.2.32) va(1.2.33)). 

Chuyen vi tai b&c til do thCf k doi vdi vec td tai trong P(t) co dang bat 
ky la 

U k (t) = £ \Pj(i)h kJ (t - T)dv, k = t> 0. (1.2.23) 

>=> 0 

Ket hdp (1.2.21) vdi (1.2.23), ta co 

U i W = f l H v WPj(<a), (1.2.24) 

J = I 

til do ta thu lai dildc bieu thiic (1.2.10) va 

i N +«■ 

U„(t) = • (1.2.25) 

^ 1=1 


i.2.4 Vi rfu 

Xet dao dong cua dam khong trong lildng, tren dam co 3 khoi 
ltfdng tap trung m i , m 2 , m :i (Hinh 1.2.1). Cac lilc tac dong len he gom 

Lute quan tfnh ~m k u k it) va liic can R k {t ) dat tai cac khoi Iddng. 

Cac liic ngoai P(t), q(t ) va M{t). 
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Hinh 1.2.1. 


Theo nguyen ly D'Alembert, ta viet diidc phiidng trinh chuyen dong 

r „ i (1.2.2b) 

+ 5 A3 [- m 3 u 3 {t) - i? 3 (t)\ + A kP ( t ), 


trong do 

5*, la chuyen vi cua khoi liidng m k do ldc ddn vi dat theo phudng 
cua chuyen vi u, (chuyen vi tai khoi ltfdng m,) gay ra trong he. 

A* P (i) la chuyen vi cua khoi liidng m k do cac tai trong P(t), q(t), 
M(t ) gay ra vdi gia thiet m k - 0 (coi nhii bai toan tinh). 

Gia tri cac he so" 5,* va A kP diidc xac dinh theo cong thiic tinh 
chuyen vi cua Marxell - Morh. Tii do ta co 

(0 = MO+ 8*Jm 1 ii 1 (0+ #,(*)]+ (1 2 27) 

+ b k2 [m 2 ii 2 (t) + i?,(0] + MtaMO + 


Xet trtfdng hdp he dao dong tii do khong can, khi do dao dong cua cac 
khoi liidng co dang u, (t) = d>,e' ul ', tii do ta thu diidc phiidng trinh 


m.b,, - 1/co 2 


m 3 5 13 


-l/co 2 m 3 5, 


m,5 31 


Ky hieu cac ma tran 


m 2 5 32 


0 0 


m,6„ - l/co 2 O, 


<D 2 =0. (1.2.28) 


M = 0 m, 


0 0 m, 


[»] = 


k,-, k i 


5 I2 §13 

s 22 5 23 , 

5 32 S 3.1 


(1.2.29) 


[if] = [»]-' = *2, K k„ , 


h k 

[ ^32 
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khi do viec xac dinh cac tan so" va dang rieng ciia he (1.2.28) dda ve 
dang (1.1.4) va (1.1.5). Gia thiet dam goi tda tii do hai dau vdi 
m I =m 2 =m 3 -pAI4 trong do p la mat do khoi ltfdng, A la dien ti'ch tiet 
dien ngang va cac khoi liidng dtfdc dat each deu nhau 
L 1 =L 2 =L 3 =L. i =L /4, khi do ta xac dinh dUdc 



"9 

11 

.1' 


'l 

0 

0 " 

tol- v 

11 

16 

11 

4 

0 

1 

0 

L J 16SEI 

7 

11 

9 


0 

0 

1 


Ma tran do cting [K\ co dang 





' 23 

-22 

9 ~ 

[K}=[H\'^ nEI 

L J L J 1V 

-22 

32 

-22 

9 

-22 

23 



L/4 L/4 L/4 L/4 

.©. 



L/4 L/4 L/4 L/4 


L/4 


L/4 


L/4 


L/4 


Hinh 1.2.2. Cac dang dao dong rieng cua he 3 bac til do 
Ttt do ta thu dddc cac tan so rieng 


ta, 


9.8666 El 


co, = 


1 V 1 IpA’ 

va cac dang rieng tudng ting 


39.1918 El 

~L 2 V pA ’ 


0), = 


83.2128 El 


M=[®, a > 2 ®,]= 


1_ 

2 

1 

J_ 

2 


1 

o 

i 

V2 


2 

1 

2 
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1.3 Truyen song dan hoi trong thanh 

Rat dau tit day chung ta se nghien ciiu cac he vo so bac tu do 
hay con goi la he lien tuc. He lien tuc ddn gian nhat la ket cau dang 
thanh - mot vat the dan hoi co mot kfch thudc 16n hdn nhieu hai kich 
thudc con lai. Dac diem cd ban nhat cua thanh la chi lam viec trong 
trang thai keo nen doc theo chieu dai cua thanh va do do chuyen vi va 
bien dang cung chi xet theo mot true doc theo chieu dai thanh. Hdn 
the nda, trong qua trinh bien dang mat cat ngang luon phang va chi 
bi chuyen dich doc theo true. Vi ly do nay ngUdi ta goi day la bai toan 
dao dong doc true cua thanh. Chung ta goi de muc nay la truyen song 
dan hoi trong thanh bdi vi ban chat cua dao dong doc true cua thanh 
chinh la sd truyen song dan hoi doc theo thanh. 

1.3.1 Phitong trinh chuyen dong 

De ddn gian chung ta xet mot thanh thang co tiet dien deu vdi 
cac dac trdng hinh hoc va vat lieu sau day: E modun dan hoi; F dien 
tich tiet dien ngang; p - mat do khoi; L - chieu dai. Ky hieu u(x,t) la 
chuyen vi cua mat cat tai x. Chon he toa do la mot true trung vdi true 
cua thanh bat dau td dau trai nhu tren Hinh 1.3.1. 


x 



Hinh 1.3.1. 

Cac ldc tac dung len phap to" phan to" thanh dx tai mat cat x gom: 

Ldc quan tinh f, = p Fdx ■ u{x,t) 

, . . dN 

Cac ldc keo d hai dau phan to N, N + - dx 

dx 

Luc can ngoai f c = cu(x, t)dx 

\ Tai trong phan bo" doc theo thanh Q = p(x, t)dx 

Hudng tac dung cua cac ldc nay dUdc xac dinh trong Hinh 1.3.1. Su 
dung nguyen ly D'Alembert ta co the thiet lap dvfdc phddng trinh 
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P F 


d'u 


dt 2 



dN 

dx 


= p(x,t). 


Theo dinh luat Hook N - Fc - FEz - EF —, nen phiidng trinh cuoi 

dx 

co dang 


P F 


d 2 u 

dt 2 


+ c- 


cu 


- — I EF — 


dt dx 


dx 


= p(x,t). 


(1-3.1) 


Day la phiidng trinh ehuyen dong doc true tong quat cua thanh, 
khi giai can den cac dieu kien bien va dieu kien dlu. 


1.3.2 Dao dong rieng - Nghiem song dan hoi 


Xet bai toan dao dong til do, khi lilc ngoai va lilc can bdng 
khong 


pF 


d 2 u 
dt 2 


d_ 

dx 


EF — 


cx 


= 0 


hay, trong trildng hdp cac tham so" hinh hoc, vat lieu la cac hang so ta 
dildc 


d 2 u , d 2 u 

a' 


dt 2 


dx 2 



(1.3.2) 


Day la phiidng trinh song mot chieu vdi van toe truven song bang a 
phu thuoc vao moi trddng vat lieu, khong phu thuoc vao hinh hoc cua 
ket cau. De dang nhan thay phiidng trinh cuoi cho nghiem tong quat 
sau day 

u(x y t) = fix - at) + g{x + at), (1.3.3) 


trong do f, g la cac ham so bat ky, kha vi hai lhn tren true so, xac dinh 
td dieu kien dau va dieu kien bien. Xet thanh phan thii nhat, hien 
nhien la hinh dang cu,a ham f(x) trong mot doan (x J} x 2 ) nao do dildc 
xac dinh. Gia sii ca doan thang nay dildc di ehuyen doc theo true x vdi 
van toe deu la a. Khi do vi tri x* luc dhu 1=0, sau khoang thdi gian t se 
chiem vi tri x'*= x * + at va tinh thanh phan thd nhat trong nghiem 
(1.3.3) ta dildc 

fix'* - at) - fix' +at - at) = fix'). 

Dieu nay chiing to dang dieu cua ham f(x) khong thay doi ma dildc di 
ehuyen tinh tien theo chieu diidng cua true x vdi van toe bang van to"c 
truyen song trong thanh a. Day thilc sil la sil lan truyen dang song 
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doc theo true thanh. Vcfi ly luan tUdng til, ta thay thanh phan thd hai 
mo ta sU truyen song theo chieu ngildc lai. Nhil vay, noi chung, tai 
mot vi tri bat ky trong thanh da bi kich dong luon ton tai hai song 
dildc lan truyen theo hai hildng ngildc nhau. 

Ta xet sii truyen song trong thanh chieu dai L v6i mot dau 

s QH 

ngam edng (u(0,t))=0) va mot dau til do ( — (x - L) - 0). 

dx 

Bang phildng phap tach bien, bieu dien 

u = T(t)0(x) 

phildng trinh (1.3.2) dildc dila ve hai phildng trinh 

f(t) + (a 2 T(t) = 0; 

O'(^) + (co/a) 2 d> = 0. 

Vdi cac dieu kien bien tren, chung ta tim dildc 


rta 


« = co„ =—(n-1/2); 


cox 


(1.3.4) 


O(x) = O,, (x) = C n sin — ,ti - 1,2,... 

a 


va cuo) cung ta dildc 

u{x,t) = jeos! 


1 cos 

— (x - at) - 0„ 

- cos 

—— (x + at) + 0 ! 

l 

a 


L ° JJ 


(1.3.5) 

Cac hang so A„,0 (1 xac dinh til dieu kien dau. Bieu thde cuoi the 
hien sU truyen song chuyen vi hinh cosin trong thanh theo hai hildng 
ngildc nhau. 

Tildng til ta co the tim dildc bieu thde cua song dng suat 


Oil 


a(x,t) = E — 
dx 


_ EA n (n n 


\ sin 

— (x-at)-Q n 

- sin 

r w 11 

' —-(x + at) + 0 (1 

l 

L a j 


a 


(1.3.6) 


1.3.3 Truyen song cvtdng bite trong thanh 

Trong phdn nay chung ta nghien cdu mot bai toan cu the ve sil 
truyen song trong mot cot cho trong Hinh 1.3.2. 
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Hinh 1.3.2 

Xet mot thanh chieu dai L, co modun dan hoi E, tiet dien F, mat 
do khoi p. Gia thiet cac tham so" neu tren khong doi va tai dau x = 0 co 
mot life xung tac dung doc true thanh. Dat ditdc mo ta bang he so" nen 
xung quanh than coc la K x , tai mui coc la K {) . Gia thiet luc can nhdt 

xung quanh than coc la chu yeu va co he so" bang p (bo qua lde can 
nhdt b mui coc). Khi do phddng trinh truyen song dan hoi trong thanh 
co dang 

pF ^*'^ + [i du( ' xj) +K x u(x,t)-EF ^-%’- =P{t)b(x)(\ .3.7) 
dt~ ct fa¬ 


ding vdi dieu kien bien la 


EF dumi = 


EF d "S . h . t .l= K 0 u(L,l). 
dx 


(1.3.8) 


Tritcfc het ta xet bai toan dao dong rieng, the la khi P = 0. Khi do tim 
nghiem phitdng trinh thuan nhat (khong co ve" phai) d dang 

u(x,t) = <{)(x)exp[(-/i + ico)4 h =, 

2p F 

ta se nhan dPdc phitdng trinh 

b"(x) + k 2 (])(x) = 0, 


(1.3.9) 
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X = 




va dieu kien bien 


4 >'( 0 ) = 0 ; 


k 


V(L)-k 0 ML) = 0; 

_ *o_ 

0 EF' 


Giai phtfdng trinh (1.3.9),(1.3.10) ta dude nghiem 

<!>„(*) = K cosX n x\ 

A 2 I X " 

y 2X n L + sin2X„L ’ 

trong do X ]9 .X 2f ... la nghiem cua phddng trinh dai so" 

X. tan XL = k 0 

hay phiidng trinh rut gon 


(1.3.10) 


(1.3.11) 


ptan|3 = 2 (1.3.12) 

vdi p = XL, z = k 0 L . 

Phudng trinh (1.3.12) co the giai bhng so" v6i moi z cho trddc, khi do 
ket qua cho phdp ta xac dinh dddc cac tan so" rieng 

co„(z) = V a ^r + K( z )]~ h2 > n = 1.2-3,.... (1.3.13) 

Xet nghiem phddng trinh (1.3.12) phu thuoc vao bien z (do cdng dht d 
mui coc), ta thay, khi z- 0, 


P„ (0) = mt hay X\ = —, n = 1,2,3,... 

va ttfdng td ta co 

p„(oo) = (n -0.5)71 hay X” = —— — , n = 1,2,3,... 

Lj 

tdc la thn so" cua he cqc nen thdc te bi gicti han bbi tan so rieng trong 
hai triidng hdp tdi han nay. 

Do thi bieu dien sd phu thuoc cua p vao z (Hinh 1.3.3.) cho thay tdn so 
chi nhay cam vdi do cdng mui coc khi gia tri cua do cdng mui nho. 
Neu do cdng dat d mui coc dat den gia tri \QEF/L thi hau nhd no 
khong thay doi nhieu. 
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Hinh 1.3.3. Ba nghiem dau tien cua phtfdng trinh (1.3.13) phu thuoc vao z 

De nghien ctiu phan ting cua he coc n^fi dt(di tac dung cua Itic 
P 0 , ta viet lai phticing trinh (1.3.7) dtidi dang 


d 2 u(x,t) , du(x,t) , , . ; 

+ 2 h - + * x a u(x,t)-~a 


dt 2 

trong do ky hieu 


dt 


d 2 u{x,t) 

dx 2 


= P(t)5(x), 


P(t) = 


Pit) 
pF ' 


Ta tim nghiem phtidng trinh d dang 


u(x,t) = (0<M*) . (1.3.14) 

n =1 

vdi 4>„ (jc) xac dinh bang cong thtic (1.3.11). Vi cac ham <t>„(:x) thoa 

man dieu kien bien (1.3.10) nen nghiem (1.3.14) thoa. man dieu kien 
bien (1.3.8). Hdn ntia, vi <f> n (x)thoa man phtidng trinh (1.3.9) nen ta 

se co 


£[< 7 „ (t) + 2 hq, (i) + a 2 (k x + K )?„ «)». M = P(Wx) ■ 

n=l 

Nhan hai ve phtidng trinh cuoi vdi <j) m (a:) va tfch phtin hai ve theo x tti 
0 den L, do tlnh trtic giao cua ham cosin nen ta dtidc 

q n it) + 2 hq n (t) + o* )q n (t) = p n (t) 
vdi 


p n (t) = P(t)A n ; 
w; = +h = a 2 (k x +X;). 
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Ky hieu 


-t-w 

Q„ (to) = j 'e-^qJOdf, 

—</> 

+ </) 

PM)= \e~ m 'pAt)df, 


-O') 

-ho 


U(x,m)= je~ l<i,t u(x,t)dt; 
P(to) = — \P{t)e- u «dt 


pF 

v6i ham P{t ) la luc ki'ch dong cho trtfdc 6 dau coc. Khi do ta co 


QM) = — 


co; - co 2 + 2 iha 


va do do 


i/(x, m) -y P d a)A : cosKx - A c ° sX "-- -. (1-3.15) 

„-i co; — co" + 2 iha n= i co n — co + 2.iho) 

Tu 1 (1.3.15) ta co the tfnh dildc ham pho chuyen vi 


S„(*,<o) = S,(<o)I—5-T 


A:A:, cosA„xcos\,„x 


(co 2 - co 2 + 2j7icd)(co 2 1 - or + like )) 
Ttidng ttf ta co trddng bien dang bang 

du(x,t) 

n=l 


£(a:,0 = -^~- = -X ( 7n( )f ) A n^ n sin A.,,* 
dx 


(1.3.16) 


(1.3.17) 


va ttfdng ting 

+'/J 

s(x,co) = je(x,t)e~ ,aU dt = 


dU(x,e>) = _p ^y A;A„ 3in?.„i 
n=i co; — o) + 2ih(ti 


cx 


(1.3.18) 


Luc nay noi ltic trong coc bang 


N(x,t) = = EF£qJl)A,\ siu\„x 

ax 


« =1 


va titdng ting pho tan so cua noi ltic la 

■h/i 

N(x, co) = jN{x,t)e~' u>t dt 


= -EF = EFPinjT _ A ^ sin ^* 
3x 7 =\ w 2 - o) 2 + 2i/uo 
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1.4 Dao dong uon cua dam dan hoi 
Ve kit cau dam 

Dim la mot dang ket cau dcfn gian cimg vdi thanh. Neu trong 
thanh ngiidi ta chi quan tarn den sii keo nen va bien dang doc true, 
thi vdi dam, cung co ket cau dang thanh nhii vay, ta xem xet bien 
dang ngang vuong goc vdi true thanh goi la uon. Cung nhu thanh, 
hinh hoc cua dam diidc xac dinh bang hai kfch thiidc: chieu dai va tiet 
dien ngang. Tiet dien ngang co the co hinh dang khac nhau nhu hinh 
chut nhat, hinh tron,..., nhiing noi chung cung lai diidc xac dinh bang 
hai kich thiidc khac nhau, hay dac biet cung co triidng hdp ngiidi ta 
chi xet mot kich thiidc dac triing cho tiet dien. Theo mot so ket qua 
nghien ciiu thi khai niem ve dam chi dufdc sii dung khi chieu dai ldn 
hdn nhieu cac kich thiidc con lai. Neu chieu dai va kich thiidc cua tiet 
dien co cung cd (ty le nho hdn 10) thi mo hinh dam khong con tac 
dung nQa. 

Trong nghien cdu mo hinh dam, ngiidi ta phan loai dam nhii sau 

1. Dam Euler-Bernoulli la loai dam thoa man cac gia thiet sau: 

- Tiet dien ngang luon luon la phang trong moi trang thai bien 
dang. 

- Mat doi xdng cua dam luon trung vdi mat phang dao dong 
(hay tiet dien ngang luon luon vuong goc vdi true trung hoa). 

Quan tinh quay va bien dang triidt cd the bo qua. 

2. Dam Timoshenko la loai dam trong do dieu kien thd hai va ba 
khong con thoa man nuta. Dieu nay xay ra khi chieu dai dam 
khong du ldn so vdi kich thiidc tiet dien ngang (ty le nho hdn 10). 

Hien tiidng tiet dien ngang khong con phdng khi bien dang la rat 
phde tap, con ft diidc nghien cdu va la mot loai dam thd ba. Trong 
khuon kho cuon sach nay chu yeu la xem xet dam ddn gian Euler- 
Bernoulli. 

1.4.1 Phitctng trinh dao dong uon cua dam 

a. Dam Euler-Bernoulli 

Xet dam cho trong Hinh 1.4.1. va tach mot phan tii dim cd chieu 
dai dx. Cac tham so' cua dam la modun dan hoi E, mat do khoi p, dien 
tfch tiet dien F , chieu dai L va mo men quan tfnh cua tiet dien la /. 
Ky hieu chuyen vi ngang cua tiet dien tai x la w(x,i). 

Cac liic va mo men tac dung len phan trt dam nay gom 
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Cac liic c&t tai hai dau x va x+dx gom 

V(x,t) + ——dx 
dx 

Tai trong ngoai phan bo theo dam Q = q(x,t)dx 

Liic quan tmh = p Fii(x, t)dx 

Momen uon tai hai dau M(x, t),M(x,t) + - dx 

dx 


Momen cua liic ngoai la q(x, t ) 


dx 2 


x = 0 

l 


U{X,t) 

k 


x-L 


m - 

i 

P 

E 

1 

I 

1 

1 

1 

V 

1 




+ + + 4 4 ' 

LjJ 

4 4 4 4 ' 


x) 



V 


M+dM 


Hinh 1.4.1 

Can bang cac liic va momen, bo qua thanh ph&n bac ca 
can ta diidc hai phiidng trinh 

pFu(xJ) - = q(x,t); 


V{x,t) = 


dx 
8M(xJ) 
dx 


Sii dung quan he quen thuoc treng siic bon vat lieu 

d 2 u(x, t) 


M(x,t) = -El 


dx : 


th he phiidng trinh tren ta diidc mot phiidng trinh 

d 2 u(x,t ) 


• d 2 

p Fii(x,t) + • 


dx‘ 


El 


dx : 


= q(x,t). 


luc cat v(x,t), 


- x 


cua dx va liic 


(1.4.1) 


(1.4.2) 
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Day la phUdng trinh dao ham rieng cap 4, khi giai can den 4 dieu kien 
bien lien quan den chuyen vi, goc xoay, luc cit va mo men uo'n d hai 
dau dam. 

Neu xet den lac can npi dupe mo hinh hoa b dang 


M(x,t) = -El | 
va can moi tradng co dang 


d 2 u(x,t ) d 2 u{x,t) 


dx 1 




dx 2 dt 


F Ax,t) = C — dx , 


ta se nhan dupe phadng trinh 


p Fii(x,t) + Cu(xJ) h-- EI( 


dx 2 [ 


dt 


d 2 u{x,t) d^uixyt) 
dx 2 +Ml dx 2 dt 


= q(x,t ). (1.4.3) 


Xet tradng hpp ke den lute doc true N, trong tradng hpp nay co them 
mot mo men bing 

dx 

dau cong khi lilc keo va dau trd khi luc nen, va do do 

d*u(x t t) _ ,, du(x,t) 


V{x y t) = -El 

ta se nhan dupe phUdng trinh 

a 2 


dx 1 


■ + N- 


dx 


pFii(x, t) + 


dx i 


EI d 2 u(x,t) 

T — 

y du(x, t) 

dx 2 

dx 

dx 


~ q(x, t ). (1.4.4) 


Xet dim tua tren nen dan hoi vdi he so' nen la k n , ta co phUdng trinh 


d 2 

p Fu(x,t) + — 
dx 


El 


d 2 u(x,t ) 
dx 2 


+ k n u(x,t) = q(x,t). (1.4.5) 


b. Dam Timoshenko 

Timoshenco da phat trien dam Euler-Bernoulli de nghien cUu 
tradng hpp dam khong phai la du dai de co the bo qua bien dang trUpt 
va tinh den ca quan tfnh quay cua phin td dim. Ke den bien dang 
trapt cua dim co nghia la them vao goc xoay do uon bing du/dx mot 
goc trUpt 0 nao do de co dupe goc xoay tong the cua mat cat so vdi true 
can bing ban dau co dang 


<p(x,£) - & + du!dx . 
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Khi do ta se co 


M(x,t ) = -El 


V (x, t) = -a GFQ - a GF 


dy(x,t) 
dx ’ 

<p(*.0- 


cfo(x,Q 

ex 


Luc nay cac phvidng trinh can bang liic va momen cho ta he 

du{x , t) 


p Fii(x, t) + a FG — cp(x, t) - 
dx 


dx 


= q(x,t); 


f 


p/q>(x, t) + clFG (p(x, t) - - 


du(x , 0 


cbc 


d 

E j ckp(x,t) 

dx 

dx 


(1.4.6) 


- 0 . 


Trong cac cong thtic tren G la modun trUdt, a la he so" trtfdt de dieu 
chinh theo hinh dang cua tiet dien ngang, p/cp la quan tinh quay cua 

phan tu. 

Neu tat ca cac tham so" la hang so" thi he phiidng trinh cuoi co 
the difa ve mot phucfng trinh 


P F 


d 2 u(x,t) 

dt 2 


p 2 I d 4 u(x,t) | E - d 4 u(x,t) E d 4 u(x,t) 

a G dt 4 dx 4 aG dx 2 dt 2 


= q(x,t). 


(1.4.7) 


Doi v6i phddng trinh (1.4.7) cac dieu kien bien phai tuan thu dung 
cong thtic cua goc xoay, ldc cat va momen uon theo Timoshenko. Th 
phufdng trinh (1.4.7) ta thay neu thanh du manh de co the bo qua bien 
dang triidt (aG -» qo ) va khong tinh den quan tlnh quay (pi — > 0 ), mo 
hinh dam Timoshenko trd thanh mo hinh dam Bernoulli (1.4.2). 


1.4.2 Dao dong rieng va cac dac tritng dao dong cua dam 

Xet dao dong rieng khong can cua dam dtfdc mo ta bdi phddng 

trinh 


pFii(Xyt) + 


rl 2 


dx- 


EI 


d'u(x 9 t) 

dx 1 


= 0 


Ta tim nghiem cua phiidng trinh d dang 

u(x,t) = e iM O(x), 

trong do co la tan so" rieng va <t>(x) la dang dao dong rieng. 
Khi do, phiidng trinh doi vdi 0(x) co dang 
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- pFar®(x) + 


d 2 
dx' 


El 


d-dHx) 
dx 2 


= 0 . 


Giai phiidng trinh nay cung vdi cac dieu kien bien se cho ta car tan so 
rieng to -,7 - 1,2,...., oc va cac dang rieng tUdng ling Oj(x),j = 1,2, ...,x-. 

a. Tinh true giao cua cac dang rieng 

Theo dinh ly Betti "cong cua lUc quan tinh cua dang dao dong 
rieng thti j tren chuyen vi theo dang dao dong rieng thti k bang cong 
cua lUc quan tinh ting vdi dang dao dong rieng thti k tren chuyen vi 
theo dang rieng thti j".. Dieu nay co the bieu dien bang cong thiic 

L L 

JV, (x, t)u k (x, t)dx = J/'y ( x , t)Uj (x, t)dx; 

o o 

f, (x,t) = -p Fii u (x y t) = pFw;,e , "' / O n (x) • 

Tit day ta co 

i. 

(w; - co') jpFO ; (x)<t>,, ( x)dx = 0 

0 

vdi co : ; * co*, hay la 

L 

JpFO^xJO^xidx = 0. (1.4.8) 


Bieu thiic (1.4.8) the hien tinh chat trite giao ddu tien cua cac dang 
rieng. 

Mat khac, tii (1.4.8), ke den phiidng trinh 


ta co 

vdi o] * co; 


dr 


dx 2 


d 2 0 > (x)‘ 

El * 

ax' 


d 2 


(al-copjo/i) — 


El 


= pFco' 0 ; (x), 
d 2 <t> h (x) 


dx 2 


dx - 0 


suy ra 




El 


d 2 <b k (x) 

dx 2 


dx = 0. 


Tich phan tifng phan hai lan bieu thiic cuoi ta dude 

L 

d>,(x)V*(x)|^ - 0 '.(x)M*(x)|' + Jo"(x) 0 *(x)£/(x)dx = 0 (1.4.9) 
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Bieu thtic (1.4.9) the hien tinh chat true giao thti hai cua cac dang 
rieng vdi hai thanh phan dau bieu dien cong cua cac lhc cat va momen 
d bien va cac dau phay tren cac ham chi dao ham cua chiing theo x. 




a) b) 


Hinh 1.4.2. Bon dang dao dong d&u tien a) d&m cong xon; b) dam ddn gian 

b. Phitdng trinh tan so trong cac triidng hdp dieu kien bien thuan 
nhat 


Ta xet triidng hdp cac he so" E, F, I, p la h&ng so". Khi do phudng 
trinh xac dinh cac dang rieng la 


O (/V) (*)-A 4 0>(x) = 0; 

,4 2 v. -\2 EJ 

X = 0) El hay “ = a ° X ,a ° = \~pF 


(1.4.10) 


Nghiem tong quat cua phudng trinh co dang 

<b(x) = A cosh(Ajt) + B sinh(ta;) + Ccos(Xx) + D sin(Xjj), 

trong do A, B, C, D la cac hang so" phai tim tit dieu kien bien. Ta se 
nghien ctiu cac triidng hdp dieu kiqn bien co dien sau day. 

TrUdng hdp goi tUa hai dau: 

Khi do dieu kien bien co dang 

<D(0) = <D^0) = <D(L) = <D'(L) = 0 (1.4.10) 

Thay bieu thiic cua <I>(x) vao (1.4.10), ta diidc he 4 phiidng trinh 

A + C = 0 
A-C = 0 

B sinh XL + D sin IL - 0 
B sinh AZ, - D sin AZ, = 0 
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suy ra A=0, C= 0 va de B *0 hay D#0, thi dinh thuc cua he phai bang 0 

sinh XL sin XL = 0 , 

t& do thu diicfc 

sinXL = 0 (1.4.11) 

la phirong trinh tan so" cho dam goi tua ddn gian co nghiem la 


Xj = jn/LJ = 1,2,.... 

hay 

co j = a 0 (jn/L) 2 ,j = 1,2,3,.... 

V6i moi tin so" rieng q)j tim diidc, dang rieng @j(x) tUdng Ung se chtia 
mot hdng so" tuy y Cj va co dang 

Oy (a:) = Cj sin jnx / L . 

Hang so" nay co the dddc xac dinh nhd cac dieu kien chuan hoa, vi du 

L 

\<&){x)dx = 1, 

0 

khi do 

Cj = y[2lT . 

Triidng hdp dam cong xon: 

Tai dau ngam ta co dieu kien bien 

0(0) = O'(O) = 0 

va tai dau til do 

O'(L) = 0”(L) = 0 . 

Khi do, phudng trinh tan so co dang 

cos XL cosh XL + 1 = 0 (1.4.12) 

v6i cac nghiem la 

A,L = 1.8751; X 2 L = 4.6941; X,L = 7.8547; 

X A L = 10.9955; X S L = 14.1372; X n L * (n - 0.5)n,n >6. 

Triidng hdp ngam hai dau : 

PhUdng trinh tin so" co dang 

cos AZ cosh AZ, -1 = 0, (1.4.13) 


cho cac nghiem la 
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X t L = 4.7300; A 2 L = 7.8532;A.,L - 10.9956; 

A 4 L = 14.1371; X 5 L = 17.2787; A„L a (n + 0.5)7i,n > 6. 

Tritdng hap hai dau tit do: cho ta ket qua trung vdi triidng hdp ngam 
hai dau (1.5.13) nhiing lifu y rang tan so' dau tien co the bang khong. 

c. Anh hitting cua li/c doc va nin dan hoi den tan sorieng cua dam 

Gia thiet cac tham so" dam va gia tri ltfc doc khong doi, khi do 
phiidng trinh dao dong uon cua dam co dang 


p Fu(x,t) + El d - ~ U - {x ; t y ± N du{X -~ 0 


cbe 4 


(1.4.14) 


ox 


v6i quy u'dc dau +N neu liic N la nen va dau -N neu lrfc N la keo. De 
dang nhan thay phiidng trinh de xac dinh dang dao dong rieng se la 

4> {IV) (x) ± 2s®*(x) - A 4 <b(x) = 0; 

Phiidng trinh dac truing 


,4 , N 

A. - (0 -—,s = 


El 


2 El 


p A ± 2sp 2 - A 4 = 0 

co 4 nghiem ± A,;± ?A, khi keo va ± A,; ± /A, khi nen, trong do 


*■ = 


V-s + Vs^+ A 4 ; X 2 - V” s + Vs 2 + A 4 ,i = V-T ‘ 
Xet triidng hdp khdp hai dau, ta co 

Vs + V^A 4 = nn/L 


cho lilc nen va 


'J-s + 4~s : + A 4 -milL 

cho liic keo. Tii hai phiidng trinh nay ta co the nhan diidc 




, _ Eli 


mi 


_ NL ' 


1 + 


pF{ L J | EJn 2 7t' 

vdi dau trCf khi nen va dau cong khi keo. 

Trong triidng hdp N =0, ta co 


_j Elfn ti 

~pf[l 


(1.4.15) 


4 
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vi vay 





(1.4.16) 


trong do P r - , ■■ goi la tai tdi han. De dang nhan thay dao dong 

L 

chi ton tai khi lute nen N < P L (on dinh). Khi do tdn so cua dam hi 

nen giam di va cua dam bi keo tang len. Dieu nav tu'dng ting vdi am 
thanh cua day dan cang cao khi cang bi keo cang hdn. Dae biet, khi 
Itic nen N dan tdi gia tri tdi han P c thi ttin so" dau tien cua dam tien 
dan tdi 0. Dieu do the hien sti chuyen doi trang thai dao dong co y 
nghia rat quan trong trong viec nghien ctiu on dinh cua dam. 

d. Dam tren nen dan hoi 


Tit phtidng trinh (1.4.5) ta co phUdng trinh dao dong rieng cua 
dam tren nen dan hoi co dang 


pFii(Xyt) + —7 

ex' 


El 


id'u(x t t) 
dx 2 


+ k it u{x, t) - 0 . 


(1.4.17) 


Cac dang dao dong rieng dtidc xac dinh tit phtidng trinh 

0 </v, (x)-A. 4 O>(*) = O 
vdi 



2 pF_ 
El 


K_ 

El ' 


Do do, tham so" A se dtidc tim til phtidng trinh ttin so" thong thtidng 
nhti trong cac trtidng hdp khong co nen dan hoi. Gia sti ta co diidc 
X ", n - 1,2,3,.khi do cac ttin so" rieng ttidng ting se la 


to 


= —fx* + ^- 

’ El 


1/2 



(1.4.18) 


Cong thtic (1.4.18) cho ta thay nen dan hoi lam tang tan so" 
rieng cua dam. 

1.4.3 Dao dong citdng buc cua dam dan hoi 


Xet phUdng trinh (1.4.3) vdi tai trong khac khong. Gia sit tan so 
rieng va dang dao dong rieng da chuain hoa tu'dng ting la 
to •,<)> , (x) t j - 1,2,3,... . Khi do tim nghiem phtidng trinh da cho d dang 
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u(x,t) = ^ j m j (x), 

j 

trong do £ 7 (f), j = 1,2,3,.... goi la cac toa do suy rong. Thay bieu thOtc 

nay vao phddng trinh (1.4.3), srf dung tinh triic giao cua cac dang 
rieng ta dddc 


vdi ky hieu 


+ 2 hfcjit) + <o 2 j£,j (t) = q } (?) 
1 ^ 

qj(t) = —J q(x,t)$j(x)dx; 

* 

_, c 
2 n, = — + co'u. 

J p F J 


Neu chi xet dao dong dting cua he, thi tuf phddng trinh cuoi ta co the 
tim bien do (phdc) dao dong dting cua toa do suy rong bang 


trong do 


^(w) = 


Qj( co) 

co] - co 2 + 2ihj& 


= Hj (co)Qj (co) 


Hj( a>) = 


1 

co* - co 2 +2ihj(a 


va Q ; (co)la bien do phtic cua liic suy rong < 7 ,(?). Cuoi cung ta xac dinh 
dddc bien do phdc cua triidng chuyen vi ngang cua ddm la 

w(x, co) = 2]Q ; (co)^.(co)(j) 7 (x). (1.4.19) 

j 

Luc do ham so" 


S (i ,0e,co) = 22 (co)Q* (co)^^ (co)/^* (co)^^ (x)<j) A (jc) (1.4.20) 

>.* 

vdi dau sao (*) chi lien hdp phdc, diidc goi la pho chuyen vi ngang cua 
dam. De dang nh&n th§iy pho chuyen vi la ham thtfc. Nhd vay thclc 
chat pho chuyen vi cho ta binh phUdng bien do dao dong la ham so 
cua tan so' ldc kich dong va toa do doc theo dam. 
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Chticfng 2 

nhltng phuOng phAp cd ban 

CUA DONG LUC HOC CONG TRINH 

2.1 Phtidng phap ma tran he so anh hitting 

NhU da noi d ph&n dau cong trinh la mot he lien tuc rat phtic 
tap, co vo so b&c tti do. Nhting phtidng phap giai tfch da dUdc trinh 
bay trong muc 1.5. chi ap dung cho cac he ddn gian nhu thanh, dhm, 
ban, ma khong the sti dung cho cac ket cau phtic tap hdn nhu he 
khung, dan hay he dan hoi ba chieu. De nghien ctiu cac he phtic tap 
nay, doi hoi phai co nhting phUdng phap chuyen dung ddn gian va 
hieu qua. Dudng 161 chung vhn la tim each thay the he lien tuc bhng 
mot he rdi rac co htiu han bac tti do. Phtidng phap co dien, ddn gian 
nhat trong so" do la phtidng phap ma tran he so" anh hticJng, dtidc trinh 
bay sau day. Trade tien ta dtia ra khai niem chung ve cac ma tran do 
alng va khoi ltidng cua he htiu han bac ta do theo quan diem ciia cd 
hoc vat r^n bien dang. 

2.1.1 Mot so khai niem 

Gia sd ta co mot vat the dan hoi tuyen tinh (he lien tuc) chiem 
mot mien D trong khong gian. Trong mien D cua vat the chon mot tap 
htiu han cac diem nut Q va tadng ting se co mot trtidng chuyen vi cua 
vat the tai cac diem nut, tao thanh mot vec to U - {U t ,...,U N } r co N 
thanh phan. Moi thanh ph&n cua vec td nay la chuyen vi cua vat the 
tai diem nut nao do co ca htidng xac dinh. De ng&n gon, ta quy Udc goi 
chi so" cua moi thanh phan chuyen vi nay la mot chat diem hay mot 
diem cua vat the (bao ham ca vi tri va hadng). Luc nay vec td U con 
dtidc goi la vec td toa do suy rong cua he cd hoc htiu han bac tti do mo 
ta mot each rdi rac he lien tuc da cho. 

• Ma tran khoi luting cua he, ky hieu la M vdi cac phan ta 
[m iJ ,i,j = 1,.„,N] dtidc xac dinh b&ng 



trong do f 1 la ltic tac dung vao chat diem i gay nen gia toic Aj cua chat 
diem j . 
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Noi each khac, khoi liidng cua mot chat diem la do Idn cua liic tdc 
dung gay nen mot dcTn ui gia tdc cua chat diem do. 

• Ma tran do ciing K vdi cac phan tu [k IJ ,i,j = 1, ■ • ■, iV] dUdc xac dinh 
bdi 


trong do P, la lUc tac dung vao chat diem i gay ra chuyen vi U l tai 
diem j. Noi each khac, do edng k tJ chinh la do Idn cua lUc tdc dung vao 
vat d diem i gay ra chuyen vi hang mot detn vi tai diem j. 


Ma tran do mem hay ma tran he so dnh hiidng H vdi cac thanh 
phan 

U: 


K = 

y p. 


la chuyen vi tai diem i difdc gay ra bdi lUc mot dcfn vi tai diem j. Dai 
lUdng nay con ditdc goi la he so dnh hiidng. 

• Ma tran he so can la C ~[c u ;i,j - 1,..., A^] vdi cac thanh phan 



trong do ff la ldc can tac dung vao chat diem i va V } la van toe cua 
chat diem j. 

Bo de 2.1.1. Cac ma tran khoi liidng M, do ciing K va ma tran do mem 
(he so anh hiidng) H deu la cac ma tran doi xdng, xac dinh dUdng. 

Tinh doi xrfng diidc chiing minh nhd dinh ly Betti, khang dinh 
rAng cong cua tap hdp cac liic gay nen mot triidng chuyen vi thii nhat 
tren triidng chuyen vi diidc gay nen bdi tap hdp lUc tlui hai bang cong 
cua tap hdp liic thuf hai tren triidng chuyen vi thii nhat. 

Tinh xac dinh diidng cua cac ma tran nay diidc suy ra tvf thiic 
te: dong nang va the nang cua mot vat the dan hoi luon luon la cac 
dai liidng xac dinh diidng. 

Bo de 2.1.2. Hai ma tran do ciing K va ma tran do mem (he so^ anh 
hiidng) H tao thanh mot cap nghich dao, tiic K.H - I, hay K - H ~ 1 . 


That vay, theo cac dinh nghla tren, neu ky hieu tap hdp liic tac 
dung la P = {P ]> ...,P N ), tiidng ling vdi vec td chuyen vi 

U = {U„...,U N } r , taco 
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va 


Tti do ta co 


P = K U 
U = H P. 

P = K ■ H ■ P 


suv ra 

K H = 7. 

Chmh moi lien he nay la cot loi cua phiidng phap ma tran he so anh 
htidng vdi noi dung dtidc trinh bay sau day. 

2.1.2 Noi dung cua phiidng phap ma tran he so anh hudng 

Muc dich cua phUdng phap ma tran anh htidng cuoi cung la xay 
dung phUdng trinh chuyen dong cua he lien tuc dUdc rdi rac hoa d 
dang 

MU + CU + KU = P, (2.1.0) 

trong do P la vec td lUc ngoai tac dung len he. NhU vay van de cot loi 
cua phUdng phap ma tran anh hUdng la xay dung cac ma Iran M, C, 
K. 

Thong thUdng vi ma tran he so" can rat phiic tap, nen ngUdi ta 
gia thiet no co dang can Rdlay, the la 

C = a M + $K 

vdi cac he so a, xac dinh bang thUc nghiem, cac ma tran M, K da 
biet. 

• Ma tran khoi lUdng M dUdc xay dung bang nhieu each. 

- Cach thong dung nhat la tap trung khoi hiang cua ca vat the vao 
cac diem nut tao thanh he chat diem m } , j , tUdng ting vdi cac 

toa do suy rong sao cho tong cac khoi Itidng tap trung khong 

i 

vtidt qua khoi Itidng tong cong cua he. Khi do ma tran khoi Itidng se co 
dang dUdng cheo M - diag jm, } . Viec chon m / phu thuoc vao su' 

phan bo khoi Itidng va sd do chon cac diem nut. 

Viec tap trung khoi Itidng phu thuoc vao kinh nghiem va hieu biet 
cua chuyen gia thiet lap bai toan. Ta se xem xet ky hdn van de nav 
trong cac vf du. 

• Ma tran do mem (he so" anh htidng) H dtidc xay dung nhti sau 
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Cho mot ldc ddn vi tac dung vao diem i va giai bai toan tinh xac 
dinh chuyen vi tai cac diem nut khac, ta thu dddc vec td {/i (l }. 

Thay doi diem dat ldc ddn vi Idn lddt cho tat ca cac diem td 1 den 
N va giai bai toan tren, ta nhan dddc raa tran do mem (he so" anh 
hddng) H = [k u ;ij = 1 

Nhd vay, ma tran do cdng K co the tinh dddc td ma tran do 
mem H bang phep nghich dao ma tran K = H . 

Vdi cac ket cau dang thanh, day chinh la noi dung cua phUdng 
phdp liXc quen thuoc. Trong nhieu trddng hdp, viec xac dinh trdc tiep 
ma tran do cdng K la ddn gian hdn so v6i viec xac dinh gian tiep 
thong qua ma tran do mem H. Khi do ma tran do mem H co the tinh 
dddc td ma tran do cdng K bang phep nghich dao ma tran H - K~'. 
Trddng hdp nay goi la phddng phap chuyen vi hay phddng phap do 
cdng dddc trinh bay trong muc 2.4. 

Bay gid, chung ta co the tien hanh thiet lap phddng trinh 
chuyen dong cua he. Gia sd ta da co dddc cac ma tran M, H, C va vec 
td ldc ngoai P, ta gop tat ca cac ldc tac dung len cac nut vao mot vec td 
ldc tong 

F = P - MU - CU, 

trong do hien nhien P la vec td ldc ngoai, tiep den la ldc quan tinh va 
ldc can. Mat khac, theo dinh nghia va each xac dinh he so anh hddhg 
h n neu tren, chuyen vi cua diem i gay ra do ldc Fj bang 

U< - h u Fj 

va do do chuyen vi tong cong cua diem i gay ra do tat ca cac ldc F j la 

u,-Z u «=l h .A- 

j j 

Phddng trinh cuoi bieu dien moi lien he ma tran 

U = HF , 

do do ta co 

U - HF = H(P -MU- CU). 

Chu y den moi quan he K = H~' ta dddc 

U = K- l (P-MU-CU) 
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hay la 

KU = P - MU - CU , 

suy ra 

MU + CU + KU = P . 

Day chi'nh la phadng trinh (2.1.0) can phai xay dung. 

Viec giai bai toan tinh de tim ma tran anh hu'dng, khong phai 
luc nao cung thuc hien dUdc mot each de dang, vi the phbdng phap 
nay khong the ap dung dadc cho moi ket cau cong trinh, ma theo 
chung toi chi thuan tien cho khung gian. De minh hoa. chung ta xet 
mot trddng hdp xac dinh he so" anh hUdng tong quat cho ddm dan hoi 
sau day. 

2.1.3 He so anh hudng cua dam dan hoi 

Xet mot dhm co chieu dai L, modul dan hoi E, momen quan tinh 
tiet dien /, tren dam co mot lac ngang tap trung P 0 tac dung tai diem 
,r 0 va chuyen vi uon cua dam do ldc nay gay ra tai diem x la u (jtr). 

Ty so 

■ 0 

goi la he so" anh hddng cua diem x n den diem x, con chinh ham so" 
h(x y x 0 ) dadc goi la ham anh hi/ctng cua dam chiu tai trong tap trung 
dat tai x () doi vdi diem x bat ky. Doi vdi ket cau dang thanh, ta co the 
tim ham anh htfdng nay dua tren ly thuvet uon thuan tuy cua dam. 

PhUdng trinh do vong cua dam chiu tac dung cua ldc tap trung P n dat 
tai diem x 0 co dang 

E J^P = P„H X - X „)- ( 211 ) 

dx 

Nghiem tong quat cua phUdng trinh nay la tong cua nghiem tong 
quat phadng trinh thu&n nhat va mot nghiem rieng cua phUdng trinh 
khong thuan nhat. Nghiem tong quat cua phddng trinh thuan nhat co 
dang 

u 0 (jc) = C () + C l x + C 2 x 2 + C,* 3 (2.1.2) 

vdi cac he so" C) dadc xac dinh theo cac dieu kien bien. Nghiem rieng 
cua phadng trinh (2.1.1) co the tim bang each tich phan lan lUdt 4 lan 
vdi dieu kien d&u bang khong. That vay, co the viet lai phadng trinh 
(2.1.1) d dang 
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d*u^x) _ P 0 
dx A “ £7 

Do tinh chat cua ham Delta-Dirac: 


8(x - X"). 


ta co 


j§(s-x 0 )ds = r 
o ll , x> x 0 


u”(x)= f-^-5 (s~x 0 )ds = 
J El 


0 x < x, 


U*(x) = |V(s)rfs =| P 0 


El 

X < X 


r > r 

y () 


[El 


(x-x,),x>x' 


u[(x) = Ju^ds =| P 0 


0 x < x, 


—— (x — X )" X > X ’ 

— *0 

0 x < x n 

«,(*) = Juj (s)ds =J P„ 


6 El 


(ac - x {) ) 3 , x > x t 


(2.1.3) 


(2.1.4) 


(2.1.5a) 


(2.1.5b) 


(2.1.5c) 


(2.1.5d) 


Cuoi cung ta dUdc 

«(*) = C 0 + C^x + C 2 x 2 + CyX 3 + 


0 x < x 0 

Po , , • (2.1-6) 

-(x-x Q ) ,X>X () m 


6 El 


Dot vdi dam goi til a hai dau, ta co cac dieu kien bien nhuf sau 
«(0) = u"(0) = u(L) = u"(L) = 0 . 

Khi do ta co ngay C () = C 2 = 0 va C 3 ,C, thoa man he phiidng trinh 

C,L + C,L’ +A.(Z,-I, 1 ) = 0; 

6 El 

6C 3 L + —~-(L - x lt ) ~ 0, 

El 


rut ra 


c = _5i£lL(L-* 0 )(2L-x 0 ); c, =—^-(L-x 0 ). 

1 6E/L 0 0 3 6EIL 


Cuoi cung ta dude 
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u(x) = - P ^ L - X "K 3 + (L - x 0 )(2L - x u )x + 
V 6£/L 6 EIL 0 


- X J 


6EI 


x < x„ 


x > r 

, A, _ .V(, 


(2.1.7) 


Ham anh hPdng do lPc tap trung tai x 0 cho dam goi tPa hai dau 

,, v u(x) 
n(x, x ( ,) - —— 


• (L X ° ) x i +-^L-(L-x 0 ){2L-x 0 )x + 
6 EIL 6EIL 


0 x < x 
(x - xj- 


6 El 


y x>x u 


( 2 . 1 . 8 ) 


Doi vdi dam cong xon, ap dung cho nghiem (2.1.6) dieu kien bien 
u(0) = w'(0) = u m {L) = u\L) = 0 


ta dPdc cac he so" 


va 


C„ =0,C, =0,0, = —2-,C, -—-2-, 

1 ' 2EI ' 6EI 

0 x < x. 


u(x) = —^x 3 +^x 2 +^ p 
6£i 2 El 1 


6£7 


(x-x 0 )\ X > x„ ' 


(2.1.9) 


Ham anh hpdng do lPc tap trung tai x 0 cho dam cong xon la 

1 x , f 0 x < x 0 

h{x,xA - u(x)fP t) = -— x 3 +—2— x* + ( 1 

0 0 6 El 2 El — (x-x 0 )\ x>x () 

L6E7 


( 2 . 1 . 10 ) 


2.1.4 Cac vi du 
a. TrUbng hdp mot bac tU do 

Xet dim g6"i tPa ddn gian, Hinh 2.1.1. TrPdc het, ta phai chon so" 
bac tp do N, gia sP N = 1. Doi vdi dam co khoi lPdng rieng la p, tiet 
dien ngang la F va cac tham so khac nhp trong muc 2.1.3. Khi do ma 
tran khoi lPdng co mot thanh phln duy nhat, va dPdc chon la 
m - p FL! 2 . Khoi lPdng nay dPdc tap trung tai vi tri giPa dim x 0 =L/2. 

Ma tran do cting cung chi co mot phan tut chinh la fc(x 0 ,x 0 ). Neu hai 
dau goi tpa ddn gian thi theo cong thdc (2.1.8) ta co 
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, , , / r , ^ T , ^ 48L/ 

k - k u -h{LI2,L/2) =—— . 

L 

Khi do phUdng trinh chuyen dong cua he rut gon se co dang 

mU + cU + kU - 0 
vdi 


( 2 . 1 . 11 ) 


( 2 . 1 . 12 ) 


m = 



48 EI_ 

V 


;c - am + $k 


L \ 


L 

J- 


1 

I- w,/f A 

1 

zx 


ZX 

,*■/ // 


Li 2 

. 


LI 2 


L • 



Z\ 


-qp 

L/3 A 

L/3 

^ L/3 


L/2 a L/2 a 

zx • 


• ZX 

\\V\ 

- ^^ 


Hinh 2.1.1 Hinh 2.1.2 

Tan so rieng duy nhat cua he rut gon la 

9,7979q 0 _ \EI_ 

L- V 

So sanh vdi nghiem giai tich, trong do tan so" rieng drill tien cua dam 
goi tUa dcfn gian bang 



7r : 9,8696a 0 

ta thay rang sai so" ve mat tan so cua phiidng phap ma tran he so" anh 
hudng neu tren, ngay ca trong trUdng hdp chon mot bac tu do cung 
khong dang ke. Hien nhien la neu chi chon mot khoi lirdng tap trung 
thi khong the nghien ctiu dildc cac dang dao dong bac cao hdn. Luc do 
ta phai chon so" lUdng bac til do nhiT mong muon, tat nhien la chi' htiu 
han. 

b. Triibng h<Jp hai bac tit do 

V^n vdi dam tUa ddn gian nhb tren, ta chon hai khoi lbdng bang 
m - p FLi 3 tap trung tai hai diem x { =Ll 3 va x 2 =2LI3. 


Theo cong there (2.1.8), ta tinh defdc ma tran he so" anh hitdng nhir sau 
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77 ~ 


V 8 

486E7 7 


7 

8 


va do do ma tran do aing bang 


K = H ' 


\<S2EI \ 8 -7 

SV [-7 8 


Trong khi do ma tran khoi lifdng la 


M = 


p FL 


nen phitdng trinh tan so' co dang 




- 7 
8-A 2 


= A 4 


16A : +15 = 0 


5pFL 4 2 
vdi A.' =—-co . 

486£7 

TCf do co the tfnh dtfdc hai tan so' rieng bang 

9,859a,, 38,184a 0 

co, -^—;to, = 


Lr L 2 

So vdi hai tan so' rieng tfnh dUdc bang phddng phap giai tfch 


co, = a, 


7c 2 9,8696a t) 

___ — 


“ > CO -> — 


47t 2 39,4784a, 


Lr 


ta thay ngay tan so thd nhait da gan vdi nghiem chfnh xac hdn trddng 
hdp mot khoi Iddng va sai so' cua tan so' thd hai cung rat nho, khoang 
2%. Nhd vay, trong trddng hdp nay cang tang so bac tvf do ta se difdc 
nghiem cang chfnh xac hdn. 

Tti cac tkn so rieng thu diidc, ta tim diidc cac dang rieng co dang 

<& = [<D, 0 2 ] = 


Tuy nhien, do'i vdi dam cong xon thi tinh hinh khong tot dude 
nhii dam tvfa ddn, ta se thay d rauc tiep theo. 


1 


1 


42 42 

1 _1_ 

[42 4i\ 
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Hinh 2.1.3. Cac dang dao dong rieng cua he 2 bac til do 

c. Ta xet dam cong xon v6i cac tham so"nhil d muc tren (Hinh 2.1.2). 

Neu chon mot khoi lildng tai dau til do b&ng m = p FL , khi do 

, V u 3 El . . [T 1,73a, 0 

h = - suy ra k - —— va tan so to, = J— --. bo vdi nghiem 

3 El L \ m L 

giai ti'ch thi sai so nay qua ldn, vao khoang 50%. 

Neu chon m = pFL! 2 , thi sai so giam xuong con 30%. 


$1; 

Neu tap trung khoi lildng tai diem x ; =2L/3, khi do h = - suy 

81 El 

81 El 

ra k - ——-va neu chon m - p FL hoac m = 2pFL/3 , thi ta dildc tdn 
8 L 


k 3,182a 0 

so tudng Png la co, = J— -- 

V m L~ 


hoac to, = J— = 


3,897a 0 

v- 


sai so 


luc nay chi con ±10%. 

Bay gid ta xet trildng hdp hai bac til do cho dam cong xon. Chon 
hai khoi lildng dat tai cac vi tri gitla dam va d&u til do, tdc tai x l =L/'2 
va x 2 =L vdi cac bac til do la do vong cua d&m tai cac vi tri tren U u U 2 . 
Khi do cac thanh ph&n cua ma tran do Cling dildc tmh nhil sau: 

Ap dung cong thilc (2.1.4) cho tCmg trildng hdp cac thanh phan ma 
tran anh hildng, ta dildc 


h n = 

" 24 El 


V , 5 L 

j — 


48F/ 


3 L 3 

— h 2 [, h-22 


3 El 


Khi do ma tran do ciSng cua he se co dang 


K = H~ [ - 


48 El 


IV 


16 -5 

-5 2 


Ta xet ma tran khoi lildng trong hai trildng hdp. 




Nhting phi/tfng phap ccf ban cua dong lUc hoc cdng trinh 59 


Trtfdng hdp thtf nhat, ta chia khoi ltfdng cua ca dam lam doi va 
cho vao hai diem nut nhtf da chon d tren, ttfc la 

p FL pFL 

771 i — • 771 ■) — 

2 “ 2 

Trtfdng hdp thtf hai la chon 

p FL p FL 

m. - - -; m, = -— 

2 4 

theo nguyen tac chia doi ttfng phan td. 

Chung ta thtf kiem tra xem vdi hai each tap trung khoi ltfdng neu 
tren, each nao chinh xac hdn dtfa tren ket qua bai toan tri rieng vdi 
phtfdng trinh tin so" 

det[iC -co 2 M] - 0 

Trong trtfdng hdp thtf nhat, phtfdng trinh tan so" co dang 

= 0. 


det 

48EIi 
_ ll) 1 

f \b -5 > 

- — pFLor 

f 1 °T 


,-5 2 j 

1 2 1 

[o \)_ 


Neu dtfa vao tham so" 


7p FV 2 


X = - ' - r - ^~ or hay co = J— -2- 
96EI yl " ” 


96 Xao_ 
7 V 


thi phtfdng trinh tan so dtfdc dtfa ve dang X 2 - 18A.+ 7 = 0. Phtfdng 
trinh nay cho ta hai nghiem X , =0,3976; X 2 = 17,6023 va hai tin so" 
rieng ttfdng tfng la 

2,3354a 0 24,638 la 0 

co, =- t -;co 2 = 


L 2 L 2 

So vdi hai tin so" rieng dlu tmh bang phUdng phap giai tich la 

_ 3,516a 0 _ 22,0346a o 

co, =- 7 —; co, = 


Lr 


L 2 


thi sai so" d tan so" thtf nhat ldn, xap xi -30%, doi vdi tan so" thtf hai, thi 
sai so"nho hdn, dudi +10%. 

Trong trtfdng hdp thtf hai, phtfdng trinh tan so la 


det 


48£7 


IF 


(16 
-5 


pFLco 


,(2 0 ) 

0 1 


= 0 
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A . „ , 7p FV 2 , 192 X a, . , 

vdi tham so A = - ft) hay a> = J- 7 - cho ta hai tan so 

192 El V 7 Lr 

3,1563a 0 16,2580a o 

co | =- ; ; co, =--— 

V V 

Do chmh xac cua tan so" thti nhat da tang len, sai so" 9%, con tan so 
thd hai co sai so" len den hdn 30%. Nhd vay, doi vdi d&m cong xon, 
phddng phap ma tran he so anh hddng vdi hai bac td do khong cho 
ket qua mong muon. 

2.2 Phu’c/ng phap ma tran truyen 

Phifdng phap he so" anh hddng neu tren la mot phifdng phap gdn 
dung ddn gian, thifdng dung cho cac ky sif trong viec phan tich dong 
cac k£t cau ddn gian nhuf thanh dam. Do chmh xac cua phifdng phap 
he so" anh hddng bi han che" nhieu, nhif da thay trong vi du thd hai 
cho ddm cong xon. Trong ly thuyet dao dong noi chung, ngifdi ta da 
phat trien mot phifdng phap hdu hieu hdn, chmh xac hdn va co the 
dung rong rai hdn. Do la phifdng phap ma tran truyen. Phifdng phap 
nay da tan dung nhdng ket qua giai tich dda tren y tddng ve mo"i lien 
he gida cac trang thai ldc va chuyen vi d nhdng diem khac nhau de 
xay ddng mo hinh ma tran cua ket cau. Phifdng phap nay co the ap 
dung cho ca he hdu han bac td do lan he lien tuc. Tuy nhien doi vdi 
cac he lien tuc, phifdng phap nay chu yeu van chi sd dung cho thanh, 
dam dan hoi, dac biet la he dam nhieu go"i va co tiet dien khong doi 
tdng khuc. Thdi gian gan day, trong mot so" bai bao da co sd phat 
trien phddng phap nay cho khung vdi hinh dang ddn dieu. Vdi nhdng 
gia thiet ly tddng nhd da trinh bay trong phan 1.4, phddng phap ma 
tran truyen cho do chinh xac nhd phddng phap giai tich. Nhdng no lai 
bi han che bdi tinh phde tap, cong kenh kho ap dung doi vdi ky sd. O 
day chung toi cung chi trinh bay phddng phap nay cho ddm dan hoi 
vdi muc dich neu len y tddng chinh cua phddng phap. 

2.2.1 Ma tran truyen cho phan ttt dam 

Xet dam dan hoi chi^u dai L, tiet dien khong doi F, co modun 
dan hoi E, mat do khoi p va momen quan tinh mat cat ngang I. 

Ky hieu w(x,t) la do vong cua d&m tai x. Neu bo qua ldc can, tq( 
phddng trinh (1.4.2) vdi ve" phai bang 0, do vong cua dam dao dong td. 
do co the bieu dien d dang 

w(x,t) = e i(at ' d>(jc,co) 
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trong do 

<J>(x,co) = C, cos(Ajc) + C 2 sin(Ax) + C 3 cosh(Ax) + C 4 sinh(Xx); 


X = 


pF(a‘ 

El 


i X 


goi la bien do phiic cua do vong. Do tinh chong chat nghiem cua 
phUdng trinh tuyen tinh, bien do cua do vong co the viet d dang tddng 
dUdng 

<SKxM = C l K l (kx) + C 2 K 2 (lx) + C 3 K 3 (kx) + C 4 K 4 (lx) , (2.2.1) 
trong do cac ham Krulov Kj (x) co dang 


K , (a:) = — (cosx + coshx); K ? (x) - — (sinx -P sinhx); 

2 "2 

K 3 (x) = (coshx - cosx);if 4 (x) = i(fcinhx - sinx). 

De dang nhan thay cac ham Krulov co cac tinh chat 

K x (0) = 1, K 2 (0) - K, (0) = K a (0) = 0; 

K\{x) = K,(x),K' 3 (x) = K z (x),K' 2 (x) = K x (x),K[(x) = K 4 (x) 

dtfa vao hai vec td 

u° = {w 0 , w;,m 0 ,q 0 } t , u 1 = {w„ w;,m 1 ,q i } t 

va goi chung la cac vec td trang thai d hai d&u d&m (Hinh 2.2.1). 


( 2 . 2 . 2 ) 


(2.2.3) 


Q o 

ct 


Qi M, 

1 .-> 


W, 


• ?K 


Hinh 2.2.1 

Mat khac, theo ly thuy&t dam, ta co bien do phdc cua chuyen vi, 
goc xoay, hie cat va momen uon tai d&u trai x = 0 bang 

aO(0,co) 


W Q = <3>(0,<o) = C,, WJ = 


dx 


= xc,, 
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M 0 = El - ~ - 0(Q,Cd) = l 2 EIC,, Q 0 - El = XEIC A . 

cit 3 

Thay cac he so"C, xac dinh tut cac bieu thtic cuo'i vao (2.2.1) ta dUdc 

&(x, o)) - W.,K. (lx) + K , (he) + ^L-K,(he) + X. (he). 

I l 2 EI ' I'EI 

(2.2.4) 

Sii dung lai cac cong thilc tmh goc xoay, momen uon va lUc cat cua 
dbm d dbu phai x = L, ta se co 


W, = <D(L,co) 

W’ M O 

= W 0 K } (XL) + - ±K 2 (XL) + —(XX) + tf 4 (XX), 

X, XE1 l El 

W; = cb'(X,(o) 

M £) 

= *W 0 (XX) + WtKt (XL) + —X K, (XX) + K,(IL), 

XEI XEI 

M x - EIQ? n (L,(£>) 

= l 2 EIW u K , (XX) + XEIW’K a (XX) + M/, (XX) + ^X 2 (XX), 

Xu 

Q, = £/<D"(X, co) 

= XEIW {] K 2 (XL) + X-EIW^K,(XL) + lM 0 K i (XL) + Q 0 if,(XX). 

(2.2.5) 

Khi do cac ddng thctc trong (2.2.5) co the viet gon lai d dang ma 
tran nhuf sau 


u' = [t]u° , 


( 2 . 2 . 6 ) 


trong do ma tran T co dang 

K,(XL) (MX)K 2 (XL) (1/Xl 2 X/)X',(XX) (VX 3 EI)K 4 (XL) 
r i XK 4 (XL) K,(XL) (\/XEI)K 2 (XL) (\/\ 2 EI)K } (XL) 

1 XEIK^XL) XEIK a (XL) K x (XL) (\1X)K 2 (XL) 

XEIK 2 (XL) X i EIK i (XL) XK 4 (XL) K t (XL) 

(2.2.7) 

dude goi la ma tran chuyen tiep (hay ma tran truyen) cua phbn tu' 
dam ddn dang xet. Thuc chat ma tran truyen [ T) la ham cua cac tham 
so' mo hinh X, F,/,X,p va t&n so' co 

[r] = [r(L,F,/,E lP , m )]. 
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Sii dung bieu thdc cua cac ham Krulov ta co the chting minh diidc 
dinh thdc cua ma tran truyen bang 1 (det[7 7 ]=l). 

Ung dung dau tien cua ma tran (2.2.7) la de tim tan so" rieng cua dam 
ddn gian. That vay, neu biet dieu kien bien cua dam dcfn gian nay ta 
co the thiet lap phildng trinh tan so" cua no mot each nhanh chong. Vi 
du, doi v6i dam goi tila hai dau, ta co 

W 0 = W, = M 0 = M, = 0. 

Khi do dang thde (2.2.6) cho ta hai he phildng trinh, he phildng trinh 
thd nhat la 


\t 12 w; + t u q 0 = o 
\t 32 w; )+ t ja q 0 =o’ 

trong do T* la cac ph&n td cua ma tran truyen, de xac dinh goc xoay 
va ltlc c&t d dbu trai. He phildng trinh thd hai co dang 

\t 22 w; +t 24 q 0 = w; 

|r 42 W 0 ' + T 44 Q 0 =Q, ’ 

co the sil dung de tim goc xoay va lilc cat dau phai sau khi da co goc 
xoay va lilc cat ddu trai. 

He thd nhat cho ta phildng trinh tan so 

T T -T T =0 

12 ± 34 ± 32 1 14 w 

Vdi cac bieu thiic cu the cua cac thanh phan ma tran truyen, phUdng 
trinh cuoi cho ta phildng trinh tan so" quen thuoc cua ddm tila ddn 
gian hai dau (xem 1.4.2,b) la smXL = 0 suy ra A. • = jnl L ,j = 1,2,3... 

Tildng til co th§ tim tan so" rieng cho cac triidng hdp dieu kien 
bien khac. De dang nhan thay phildng phap ma tran truyen trong 
triidng hdp dam ddn gian cho ta tdn so rieng chinh xac nhil phildng 
phap giai tich. Tuy nhien neu chi ap dung cho cac dam ddn gian nay 
thi phildng phap ma tran truyen khong co y nghia. The manh cua 
phildng phap nay la ap dung cho dam co nhieu goi (edng hoac dan hoi) 
trung gian ma phildng phap giai tfch khong the ap dung diidc. Do la 
noi dung cua muc tiep theo. 

2.2.2 Ma tran truyen cho cac moi noi 

a. Moi noi ddn hoi 

Xet mot mo"i noi gida hai phdn til d&m lien tiep nhau j va j+1. 
Phia ben trai moi noi la d&u phai cua phan til ddm thii j va phia ben 
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phai cua moi noi la dau trai cua phan tii dam j+1. Gia sii moi noi la 
lien ket dan hoi diidc mo ta bdng mot 16 xo quay co do ciing K } (Hinh 
2.2.2). Tuan thu each ky hieu da tien hanh 6 muc tren, vec td trang 
thai d dau phai cua ph£n tu d^m j, tile ben trai moi noi dUdc ky hieu 
la 


ui={w;,w;\M;,Q+f 

va vec td trang thai 6 dau phai moi noi dtfdc ky hieu la 

ur' 


m 



Khi do xet cac dieu kien lien tuc va can bang luc tai moi noi ta dUdc 
cac quan he 


w; = w- +l - 


Wj: x =W/ + a J M]; 
MJ +] = M *; 

q; + , =Qj 


vdi a j = 1/ Kj , t\ic la chi co goc xoay la co bude nhay qua moi noi va 
no*ty le vdi do edng cua 16 xo quay. 

Tif dieu kien tren ta rut ra dufdc ma tran truyen cua moi noi mem d 
dang 

ui" = [«(.»]£/', (2.2.8) 

trong do 

10 0 0 
0 1 CLj 0 

0 0 10 
0 0 0 1 



(2.2.9) 
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Neu moi noi la ci5ng tuyet doi, thi K■ = oo va do do a ; -0, ma tran 
truyen cho moi noi (2.2.9) trd thanh ma tran ddn vi. 
b. Goi mem va khoi lit png tap trung 

Gia sd tai diem j cua d£m c6 mot khoi lUdng tap trung m } va tai 
day ta co goi dan hoi (Hinh 2.2.3) co do cUng 16 xo la k r Khi do, luc 
tong hop cua luc quan tinh va luc dan hoi cua 16 xo tai diem j co 
hudng theo chieu di xuong va co bien do bang 

(kj-n'mjW;. 

Xet dieu kien can bang luc tai diem nay ta dUdc 
Q; +1 =Q] + (m J o^-k j )W;. 

Cung vdi dieu kien lien tuc cua chuyen vi, goc xoay va raomen uon ta co 

Vi*' = [SO'))l/i, (2.2.10) 

trong do 

1 0 0 0 

0 10 0 

0 0 10 

mj(d 2 ~kj 0 0 1 

Day la ma tran truyen cho goi mem co khoi lUdng tap trung. 

2.2.3 Ma tran truyen cho dam - tritdng hop tong quat 

Xet mot dim dan hoi bao gom nhieu doan co chung mot true doc 
theo dam. Moi doan la mot phin tu d&m ddn gian nhu da xet trong 
muc 2.2.1. nhUng cac tinh cha't hinh hoc, vat lieu cua cac phan tut co 
the khac nhau. Gia su ta co N phan tii dUdc noi vdi nhau bdng mot 
trong cac kieu moi noi da xet trong muc 2.2.2. Cac dac trUng cua phan 
td thut j dUdc ky hieu la Lj,Fj> 1 jt E jt pj ,j = 1,2,3,....N. Tong cong ta 

se co N +1 diem nut la cac moi noi giuta cac phan tii dam. Tiidng tu 
phan tren, v6i moi ph&n tut d£m j ta dUa vao hai vec td trang thai tai 
hai dau trai va phai, ky hieu la Ui, U{ . Dau trut d chi so" dudi ky hieu 
ddu trai, con dau cong chi dau phai. Vi phan tu nay co cac tham so" 
khong doi, nen theo (2.2.6) ta co 

ut - [T{jpi , 



( 2 . 2 . 11 ) 


trong do ma tran 


( 2 . 2 . 12 ) 
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[ro')] = [r(t / ,F 7 ,/^£ y , Pj ,< n ». 

Tan so" tham gia vao ma tran truyen thong qua tham so" tan so 

! 

PjFj co 2 1 4 

El. 

j j 

Tai diem nut j ta co hai vec to trang thai d hai phfa cua mol noi, d 
phia trai la vec to trang thai U{ va d dau phai ta co U J _ +1 . 

Ky hieu 

la ma tran truyen tai cac mol noi. Hien nhien, ma tran B(f) co the la 
mot trong cac ma tran (2.2.9), (2.2.11). Sil dung ky hieu chung nay, stt 
“chuyen tiep” cua vec td trang thai qua mol noi ditdc bieu dien bang 
mol lien he 

Vi" = [B(j)]Vi,j = 1,2. N -1. (2.2.13) 

Ap dung (2.2.12), (2.2.13) lan loot theo j tit 1 deniV+2, hay ttr trai qua 
phai ta se nhan diidc 

£/? - [T(N)B(N - 1 )T(N -1 )B(N - 2 )T(N - 2) • • • B(2)T(2)B(\)T(\)]U l ! 

(2.2.14) 

0 day, vec td trang thai tai bien ben trai cua dam dUdc ky hieu la t/° , 
vec td trang thai tai bien phai la TJ+ . Ma tran nhan dtfdc la 

[tf]= [T(A^)B(iV-l)T(A r -l)--fi(2)T(2)5(l)r(l)] (2.2.15) 

diidc goi la ma tran truyen cua dam thay doi tCfng khuc vdi mol noi 
mem. Hien nhien ma tran nay phu. thuoc vao cac tham so" cua dam 
trong tiing doan va cac tham so mol noi, hay 

[H]=[ff(L,F,/,F,p,a,a))J, 

trong do cac ky hieu co gach ngang tren ddu chi mot vec td gom nhieu 
thanh phan, vdi cac chi so" da viet d tren. Dieu kien bien tuyen tinh tai 
hai bien cua dam co the viet d dang 

[B(0)]f/° = 0 
[B(N)]U? = 0 

trong do B(0) va B(N) la cac ma tran cap 2x4 



( 2 . 2 . 16 ) 
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No] - 

_ 2 \ 

[B(iV)] = K 


fin 

B,° 3 

1 

c *r 

QQ 

Blr 

Bi 

Bl] 

B» 

BS 

BS 

Bn 

Bn 

Bn 


(2.2.17) 


Ket hdp (2.2.14) v6i dieu kien bien (2.2.16), ta nhan dUdc phUdng 
trinh de xac dinh vec td trang thai tai dhu trai cua d&m nhu sau 


[B(N).H]U° = 0; [£(0)]£/_ u =0. (2.2.18) 


Day la he 4 phUdng trinh de tim 4 an t/” = {W 0 + ,W 0 + } T . De 

dang nhan thay, he phUdng trinh thuan nhat chi co nghiem khac 
khong neu dinh thdc bang 0, do vay 


det 


B(N)H 
B( 0) 


F((a,a l ,...,a P ) = 0 . 


(2.2.19) 


Day la phutdng trinh tan so" cua dam. Cac tham so "aj bieu thi cac tham 
so" moi noi, tham so"bien va ca cac tham so hinh hoc, vat lieu cua dam. 
Giai phutdng trinh cu6"i ta dutdc cac tan so" rieng. Thay cac tan so rieng 
vao (2.2.18) ta se tim dUdc vec td trang thai cua ddm d dlu trai chtia 
mot hdng so" tuy y. Sau do sU dung (2.2.12), (2.2.13), ta co the tim lan 
lUdt vec td trang thai tai cac nut (moi noi) va d bien ben phai. Day la 
noi dung phddng phap ma tran truyen de nghien cdu dao dong rieng 
cua dam phutc tap. Hoan toan co the xay dung phUdng phap ma tran 
truyen trong trUdng hdp dao dong doc true va dao dong xoan. Khi do 
cac cong thde ddn gian hdn nhieu so vdi trUdng hdp uo'n trinh bay d 
tren. Co the phat trien phUdng phap nay cho trUdng hdp dao dong 
cUdng btic cua dam va ket cau dang khung co hinh dang ddn dieu (lap 
lai co tinh chu ky). Tuy nhien cho den nay ngUdi ta van dung chu yeu 
phUdng phap nay de tim tan so"rieng cua cac he d&m phde tap. 


2.3 PhUcfng phap phan tuf hufu han 

2.3.1 Tu tiidng va noi dung cua phitong phap phan tut hiiu han 

PhUdng phap phan tu hflu han (PTHH) la mot cong cu hien dai 
dung de mo hinh hoa va phan tich cac he lien tuc, tUc la nhdng vat 
the chiem mot mien lien tuc D trong khong gian R 3 dong thdi cung la 
phUdng phap cd ban va thong dung nhat cho den nay trong Dong luc 
hoc cong trinh. Tu tUdng cua phUdng phap PTHH nhu sau: Chia vat 
the thanh mot so" hutu han cac phan tri sao cho trang thai Ung suat 
bien dang cua chung co the xac dinh dUdc mot each ddn gian bdng cac 
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cong cu giai tich nhii da trinh bay d ph£n 1. Cac phan til nay dildc lien 
ket vdi nhau bdi cac nut co toa do xac dinh trong khong gian. Chuyen 
dong cua cac nut dildc mo ta bang cac tham so goi la bac til do cua 
nut. To hdp cac bac til do cua cac nut tao thanh mot vec td cac bac til 
do doc lap, goi la vec td chuyen vi nut cua he da cho, ky hieu la 
U = {£/, ,...,U N } r . Trang thai ling suat bien dang cua vat the tai cac 

diem bat ky dildc bieu dien qua vectd chuyen vi nut va sau do nhd cac 
dinh luat, nguyen ly cd ban cua cd hoc thiet lap dildc he phildng trinh 
vi phan doi vdi cac chuyen vi nut d dang 

MU(t) + CU(t) + KU(t ) = Pit), (2.3.1) 

trong do M, C, K l£n lildt la cac ma tr&n khoi lddng, he so" can va do 
ciing va P la vec td tai trong da dila ve nut (goi tSt la vec td tai trong 
nut). Cac ma tran M, C, K tao thanh mot mo hinh khong gian (nhii 
da noi d phan 1.2) cua mot he hufu han bac til do, ma d day ta goi la 
mo hinh PTHH cua he lien tuc da cho. Nhii v^y, ro rang la phildng 
phap PTHH da thilc hien mot phep rdi rac hoa va hflu han hoa cac he 
vo bac til do. Day chfnh la til tildng chu dao cua phildng phap 
PTHH. Noi dung cua phildng phap PTHH dildc boc 16 trong quy trinh 
chung cua no, bao gom cac biicJc sau day: 

1. Chon he toa do tong the trong khong gian co" dinh trong do vat the 
chiem mot mien D. 

2. Chia lildi PTHH bao gom cac nut va do do se tao ra cac phan tii 
dildc xac dinh bdi cac diem nut. 

3. Xac dinh cac bac til do tai cac nut va do do se dildc vec td chuyen vi 
nut cua ca he. O day chu y den cac dieu kien bien va cac rang buoc 
de tao ra vec td chuyen vi nut la to hdp cac bile til do doc lap. 

4. X6t tilng ph^in tik nhii mot vat the dan hoi vdi muc dich thiet lap 
moi lien he giQa trang thai dng suat bi6n dang ben trong phan tijf 
vdi cac chuyen vi nut (tim cac ham dang). 

5. Svi dung cac dinh luM cua cd hoc cung vdi moi lien he dildc xay 
dilng d bildc 4 thiet 14p cac ma tr4n khoi lddng, he so" can va do 
ciing cua tulng phan til, dong thdi xac dinh vec td tai trong ngoai 
dila ve nut. 

6. Ghep noi cac ma tran cua phan tii tren cd sd cac lien ket giiia cac 
ph§n tii sao cho tinh lien tuc cua chuyen vi nut dildc dam bao. 

7. Sd dung cac dieu kien bien hay cac rang buoc de khd cac an co gia 
tri bang 0 hay da biet. Cuoi cung ta dildc cac ma tran M, C, K va 
vec td P tong the tao thanh mo hinh PTHH cua he da cho d dang 
(2.3.1). 
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2.3.2 Mo td toan hoc phildng phap PTHH 

Viec chon cac ham dang cua moi phan tuf hutu han phai dam bao 
r&ng cac ham nay xap xi tot trPdng chuy£n vi, bien dang va ilng suat 
trong moi phan tii va dam bao dieu ki§n lien tuc cua cac triidng nay 
tai cac bien giQa cac phan tii hutu han lien ke nhau. 

Gia thiet triidng chuyen vi tai cac diem ben trong phan tii hC(u 
han diidc khai trien d dang 

{u{x, y,z)} = [<}>(*,y,z)]{a} , (2.3.2) 

trong do [<{>(x,y,£)] la vec td cac ham cua toa do khong gian va {a} la 

vec td cac tham so" diidc xac dinh tuf cac dieu kien chuyen vi tai cac 
diem nut cua ph&n tii. Tai nut i (i=l,2,..,n) bat ky, vec td cac thanh 
phan chuyen vi co dang 

{^«} = {«(*.-)}*[♦(«». 

trong do {x^y^z,} la toa do cac di^m nut. Ky hieu {UJ la vec td bao gom 
cac thanh ph4n chuyen vi {£/,-} cua t&'t ca cac nut oh^n tii, ta co 

W=HW. (2.3.3) 

trong do [<J>] la ma tran co dang 

4 >(x 2 ,y 2 ,z 2 ) 

Hx n ,y n ,z n )^ 

So tham so" (a) trong bieu thdc cua cac ham chuyen yi (2.3.2) phai 
b&ng vdi so" bac tii do cua phan tii de dam bao ma tran [O] la co 
nghich dao. 

Tut do co the bieu dien triidng chuyen vi qua cac chuyen vi nut d dang 

{u(x,y,z)} = [<t>(^y,z)][o] _1 {t/ e } = [N(x, y, z)]p e } (2.3.4) 

vdi 

[N(x,y,z)]= [<f)(ac,y,^)][cl>] ', (2.3.5) 

diidc goi la cac ham dang cua ph&n tii htfu han. 

Khi co ham dang, ta xac dinh diidc triidng bien dang trong phan 
tii hPu han d dang 

{u(x, y, z)} = B{u(x, y, z)} = [B t (x, y, z)]{U e ) 



(2.3.6) 
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veil [5J la ma tran gom cac phan td la ket qua cua viec dao ham cac 
ham dang theo cac toa do khong gian va mo ta bien dang trong he toa 
do dia phudng. 

Khi do trddng dng suat trong phian td hdu han dude xac dinh 
thong qua trddng bien dang theo dinh luat Hook co dang 

{<*(*,?, *>} = [D, ]{e(x,.y,*)} = [O,] • [B, ]}t/,}, (2.3.7) 

trong do [D c ,] la ma tran cac hhng so' vat ly cua phan td. Phan td hdu 
han co the lam bang vat lieu khac nhau nen [p], [D] co the thay doi 
theo tdng ph&n td. 

Dong nang T va the nang V cua phan td e dddc xac dinh nhd sau 


T t =\\{u} T \p,WV, 

1 D, 1 D' 

(2.3.8) 

vdi [pj la ma tran phan bo' khoi lddng. 


Thay bieu thde cua chuyen vi, bien dang va dng suat theo chuyen vi 
nut vao cong thde (2.3.8) ta dddc 


(2.3.9) 

V, =\{UJIK,]{U'} 

(2.3.10) 

vdi cac ma tran 


[M,]= J[iVffp,][w]iV; 

(2.3.11) 

[*.] = \[b,\ t [d,}\bMv ■ 

(2.3.12) 

Mat khac, vi dong nang va the nang cua ca he bhng tong dong 
nang va the n&ng cua tdng ph&n td hdu han rieng biet nen dong nang 
va the n&ng cua ca he bang 

e ^ e 

V-'LV^\'L{U.YlKJp e } 

e ^ e 

(2.3.13) 


vdi e la chi so cua ph&n td hdu han e. 
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Ky hieu {TJ la ma tran chuyen doi tit he toa do dia phUdng cua phan 
tuf e ve he toa do tong the, ma thUc chat la ma tran cosin chi phUdng 
cua cac true toa do dia phUdng gan lien vdi phan tu co ti'nh true giao, 
tUc co moi lien he vdi veetd chuyen vi nut tong the } nhu sau 

Rl = [rJt/! « {u} = [r,r(u,). (2.3.14) 

Khi do ta co 

T = \ frf (ift \ (2.3.15) 

v = I = t{u} T Wu|. 

trong do cac ma tran khoi lUdng va do cUng tong the cua he co dang 

M = Z[rJ T [MjrJ W=S[r,rK][r„]. <2.3.16) 


Cac ma tran [MJ, [iCJ da dude xac dinh trong (2.3.11) va (2.3.12). 

Bay gid ta tinh cong cua cac tai trong ngoai. Noi chung co cac loai tai 
trong sau day tac dung len he: tai be mat tac dung len cac phan til 
cac khoi \f v (x,y,z,t)} e va lUc tap trung tai nut 

{f N (x t ,y l ,z l ,t)}. Ngoai ra, trong cac lUc khoi va mat ta tach rieng 
thanh phan ty le vdi van tod 

{/cL =[Cj{w(.r,y, 2 )}. 


Tinh cong cua cac lUc ngoai nhu sau. Trudc het cong cua cac lUc mat 
bang 


As = I j{/- s j T {“ s (^y^))dS = I 

<■ S' * S' 

= 1 j{/ s r[(V] s [Tj{t/}dS= {P S } T [U} 

e S' 


vdi veetd lute mat dUa ve nut la {P s ) = £ J[7\, ] T [ATJg {/ s ) ■ dS . 

« s 


Cong cua lUc khoi 


= X | \f v f {u(x,y,z)}dV = £ J{A-} T [iV]{t7,)dV = 

« V' e S' 

= I |{A-} T [iV][rj{j/}dv = {P V } T {U} 
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vdi {P v } = ^ J[7^ 0 ] t [AT} t {f v ]t iV . Ti&p den la cong ldc can nhdt 

e V t 

Ac =-£ l{fo} T k*.y.*)WS“-Z }^,} T [Nf(CJ[iV]{[J,}dV = 

« D r e /J t 

= -S f^} T [2’.] r [2V] T [C,][JV][r,]^)«fV = -{P c } r {t/j 

cung v6i luc can nhdt difa ve nut hang \P r J = [C]jv}, trong do ma tran 
he so can [C] = £ J[r. flATf [C, jAf] [T, \LV . 

e D, 

Cuoi cung la cong cua ldc nut bSng A n - i {p»m. 

i 

Nhd vay, sd dung nguyen ly Hamilton cho he ta dddc phddng trinh 

[M]^} + [C)^} + [tfflt/} = {JP} = {P v } + {P s } + {P K }. (2.3.17) 

2.1.1 Mot so phan tit hitu hqn thong dung 

Ta xet mot vai vf du trong viec xay ddng cac ma tran do ciing, 
khoi lUdng cua cac ph4n td ddn gian thong dung trong thdc te nhd 
phan td thanh, phan td dam va ph£n td ban. 

a. Phan tit thanh 

Xet mot thanh co chieu dai L, tiet dien A chi lam viec trong 
trang thai keo nen. Gia sd modun dan hoi cua vat lieu la E va mat do 
phan bo" ldc ngoai doc theo thanh la q(x,t). Chon hai chuyen vi doc 
true lam hai bac td do (Hinh 2.3.1). 



► x 


Hinh 2.3.1 

NhU da d'phan tren, van de then chot la chon ham dang. Theo 
dinh nghia ham dang mo ta moi quan he gida trddng chuyen vi ben 
trong phan td vdi cac chuyen vi nut. Trong trddng hdp nay ta se chon 
ham dang dda tren mot bieu dien mang y nghia cd hoc ro rang nhd 
sau: ham dang can tim la nghiem phddng trinh mo ta bien dang doc 
true 
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EA^- = 0 

a * 2 

v6i cac dieu kien bien 

j w(0,O = U { {t) 
\u(L,t) = U 2 {t) 

Hien nhien la ta se co ngay nghiem 


u(x,t) = | 1 - — 

1*4 


u,+^u. 


va xac dinh dUdc cac ham dang 


4)j (jc) = 1-— , <M*) = — • 

L 1*4 


(2.3.18) 


Ma tran hinh hoc B co dang 


a^), d § 2 

8x dx 


- 1] - 


Ma tran hang so" vat ly cua phan tu co dang [D] = E . Khi do, ma tran . 
khoi lUdng va do ciing cua phan tu* thanh bang 


M, = 


p AL 

'2 r 

§ 

ii 

-r 

6 

1 2_ 

j L \ 

-i i 


(2.3.19) 


Luc quy ve nut cua phan ttf co dang 


4 * 

P{{t) = fg(x.*)(l-y)cJ*; Pj(t) = \q{x,t)ydx . (2.3.20) 

Ta co the xay dung cac ma trSn phan tii cho trUdng hdp thanh 3 nut 
hoac nhieu hdn. Nhung ve thuat toan khong co gi thay doi nhieu. 

b. Phan tit dam hai chieu 

Xet phan tu thanh chi chiu uon trong mat ph&ng, trUdng hdp 
nay goi la phdn tii dam hai chieu. Chon cac chuyen vi ngang va goc 
xoay b hai ddu lam cac bac tu do (hinh ve 2.3.2). 

U, U. 


Uj 

y 

u 

Z\ 


t. 


1 

u 2 




1-5 


Hinh 2.3.2 
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Cac ham dang dUdc tim td viec giai phtfdng trinh 

dx A 

vdi cac dieu kien bien 

| w(0,t) = U )(£); w'(0,t) = U 2 (t); 

\w(L,t) = U 3 (t); w\L,t) =.U 4 (0. 


Nghiem cua bai toan bien neu tren co dang 

w(x,t) = ip l (x)U l (t) + <i> 2 (x)U 2 (t) + <j> } (x)U J (t) + <p 4 (x)l/ 4 (t), 
trong do cac ham dang la cac ham Hermite 


= 1 — 3| 

♦ 3 W = 3 


fxY 

\L) 

x 


+ 2 - , + 2 (*) = --2 


V 


-2 


; <M*) = --r + t- 


X 

+ ' L 

3 


(2.3.21) 


Ma tran hinh hoc B - 


d 2 $ l 


[ dx 2 

hang so" vat ly cua phan td 
va do cdng phan td co dang 


d 2 § 2 d 2 4> 3 ~ 4> ^ 


va ma tran 


dx 2 dx 2 dx 2 
= El . Cuoi cung, ma tran khoi lddng 



156 

22 L 

54 

-13 L 

p AL 

22 L 

4 Lr 

13L 

-3 V 

420 

54 

13 L 

156 

-22 L 


- 13L 

-3 Lr 

-22 L 

AL 2 



' 12 

6 L 

-12 

6 L 

El 

6 L 

4 L 2 

-6 L 

2 L 

L 

-12 

-6 L 

12 

-6 L 


6 L 

2 L 

-6 L 

41) 


(2.3.22a) 


(2.3.22b) 


c. Phan tit dam ba chieu 


Phan td dam hai chieu chi ap dung cho thanh phang. Trong 
khong gian cdn phai co dang ph&n td dam d&y du hdn. Phan td dam 
ba chieu la to hdp cua phdn td thanh, hai phan td ddm hai chieu va 
phan td xoan. Cac phan td thanh va dam da dddc xay dung d tren. C) 
day trUdc khi xay ddng phdn td dam ba chieu, chung ta noi doi ldi ve 
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phan tii xohn. Trong thUc te ngUdi ta khong dung khai niem phan tii 
xoan nay, nhUng vi khi xet dam trong khong gian thi nhieu khi khong 
the bo qua bien dang xoan dUdc. Vi vay trong phan tii dam khong 
gian can phai xet ca chuyen dong xoan ciia dam. Ve hinh thiie phu'dng 
trinh bien dang xoan giong nhU phiidng trinh bien dang doc true, vi 
phUdng trinh mo ta chuyen dong cung co dang 


GJ 


r 



= 0. 


Do do, neu difa vao hai bac tu do la goc xoan cua thanh d hai dau la 
0 ( , 0-,, thi cac ham dang tUdng ling vdi bien dang xoan se co dang 

(2.3.18). Khi do, tUdng tu nhU trUdng hdp doc true d tren ta co the xay 
dung dUdc ma tran khoi lUdng va do ciing cua phan tii xoan co dang 


js; 

n 

'2 r 

, K, = GJ ‘ 

' 1 -l" 

6 ! 

1 2 

L 

! 1 _ 


(2.3.23) 


Bay gid ta chuyen sang viec xay dung cac ma tran khoi lUdng va do 
edng cua phan tii dam 3 chieu. Ta dUa vao cac bac tu do (Hinh 2.3.3) 
sau day: 

U ] ,t/ 7 chuyen vi doc true cua thanh d hai dau phan tii; 

U 2 ,U a chuyen vi uon ngang theo trucy d hai dau phan tii; 

chuyen vi uoii ngang theo true z d hai dhu phbn tii; 
U 4 ,U W la goc xoan d hai dau phdn tii; 

U 5 , U i j la cac goc xoay d hai ddu thanh theo quanh true y; 
U b ,U l2 la cac goc xoay quanh true z. 


NhU vay, veetd chuyen vi nut gom 12 thanh phan U = {£/, ,...,£/,, } 7 




X Xl 






X 


u &u 5 


*W_ 


i+V' 

U 4 


UsUu 


11 


Ui 

ur 


Q.u 7 

U w 


Hinh 2.3.3. Chuyen vi nut cua phan tii dam 3 chieu 
Ta dUa vao ky hieu cac ham dang sau day 
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Pi(*) = p 4 (*) = 1-y , p 7 (x) = p, 0 (x) =y, 
L L 


p 2 (x) = p 3 (x) = 1-3 — +2 — 


P 5 (x) = -p 6 (x) = L 


— ~2 — 


V 


p 8 (x) = p 9 (x) = 3| — I -2 


( „ V 


X 

L) • 


p,,(x) = -p, 2 (x) = L 
va cac dao ham cua ham dang 


+ 


f ^ 
' x 


u 


dp j 

Pj ~ dx ,pj 


^ 2 Pj 

dx 2 


Thiet lap cac ma tran 


H(x) = 


(2.3.24) 


H(x) = 


[E] = 


r p. 

0 


0 

0 

0 

0 


P 7 

0 

0 

0 

0 

0 



0 

0 


0 

P 4 

0 

0 


0 

0 

0 

P|0 

0 

0 



0 

P 2 


0 

0 

0 

P 6 

0 

Pb 

0 

0 

0 

Pi 


y 

> 

0 


P 3 

0 

Ps 

0 


0 

0 

P 9 0 

P.l 

0 



' p\ 

0 


0 

0 

0 

0 


P 7 

0 

0 

0 

0 

0 

\ 


0 

0 


0 

P 4 

0 

0 


0 

0 

0 

P 10 

0 

0 



0 

P 2 


0 

0 

0 

P 6 

0 

P* 

0 

0 

0 

Pl2 

y 

,0 

0 


P 3 

0 

P 5 

0 


0 

0 


0 

Pn 

0 

J 
















(2.3.25) 

r EF 


0 


0 

0 





(pF 

0 

0 

0 " 


0 

GJ 

X 

0 

0 



[m] 



0 

pj x 

0 

0 


0 


0 


EJ Z 

0 





0 

0 

pF 

0 


< 0 


0 


0 

EJ 

y J 





0 

0 

0 

P Fj 



Sii dung cac cong thdc da trinh bay trong phan chung d tren, ta co the 
nhan ditdc cac ma tran cua phan tti hQu han nhu sau 

L L _ 

M c = \H r (x)[m]H(x)dx-, K e = $H T (x)[E]H(x)dx. 

0 0 
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Ket qua ti'nh toan raa tran khoi lUdng M t , cua phdn tii co dang 


PL 

4201 


14QF 

0 


156F 


0 

0 

1 5 (F 








0 

0 

0 

140 J 

X 







0 

0 

-22 FL 

0 

4 fE 






0 

22 FL 

0 

0 

0 

4 FIS 





7 OF 

0 

0 

0 

0 

0 

I 4 CF 




0 

54 F 

0 

0 

0 

13 FL 

0 

15 (F 



0 

0 

54 F 

0 

- 13 FL 

0 

0 

0 

15 (F 


0 

0 

0 

70 /, 

0 

0 

0 

0 

0 

140 / 

X 

0 

0 

13 FL 

0 

-3 FE 

0 

0 

0 , 

22 FL 

0 

0 

- 13 FL 

0 

0 

0 

- 3 FL 2 

0 

-22 FL 

0 

0 


4 FIS 

0 


4 FL 1 


(2.3.26) 

va ma tran do edng K x , cua ph&n td co dang nhuf (2.3.27). Hai ma tran 
nay deu doi xvfng qua dtfdng cheo nen ta khong can viet cac thanh 
phan doi xdng. Doi vdi khung khong gian thi viec ghep noi cac ma 
tran khoi Iddng va do cting phan tii thanh cac ma tran tUdng ting cua 
ca he dUdc tien hanh nhd da trinh bay d phan chung neu tren. 

EF 


L 

0 

0 

0 

0 

0 

EF 

L 

0 

0 

0 

0 

0 


12Ejr 

~ir 

0 

0 

0 

6EJ Z 

Is 

0 

12 EJ, 

~~ir 

0 

0 

0 

6 EJ t 
Is 


12 EJ y 
0 

6EJ y 

Is 

0 


12 EJ y 
0 

6EJ y 

Is 

0 


Oh 

L 

0 

0 

0 

0 

0 

GJ X 

L 

0 

0 


4 EJ y 
L 
0 


0 - 
6EJ 


IS 

0 

2 EJ 


4EJ t 

L 

0 

6 EJ, 
V 
0 


L 

0 


0 

0 

2EJ, 


EF 

L 

0 

0 

0 

0 

0 


\ZEJ; 

E 

0 

0 

0 

6 EJ* 


12 EJ y 
E 
0 

6 EJ y 
b 


GJ X 

L 

0 

0 


4 EJ 


4EJ, 


L 

(2.3.27) 
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2.3.4 Mot so vi du 


a) Dam cong xdn chiu uon trong mat phang ( Oxy ) vdi dau trai hi 
ngam chat va dau phai tu do. Khi do U ] = U 2 = 0 va hai bac tu do con 
lai la chuyen vi ngang va goc xoay tai ddu phai, ky hieu U ,(£) ,U 4 (t). 

Td cac ma tran khoi lufdng va do cdng (2.3.22) cua dam 2 chieu, khd 
cac hang va cot tddng dng vdi bac tu do U 1 = U 2 - 0, ta thu dtfdc ma 
tran khoi liidng va do cdng cua dam cong xdn 


M = pFL 

156 

-22 L 


12 

-6L 

420 

-22 L 

4 1} _ 

L' 

-6 L 

4 V _ 


PhUdng trinh tan so dao dong rieng co dang 


detjtf-co 2 M 



-3 L 
21 } 


-k 


78 

• 11L 



- 0 


vdi cac ky hieu 


hay ddn gian la 


k - or 


p FV 
420 EV 


0 ) = 



EIX 
pFL 4 ’ 


35k 2 -102k+ 3 = 0. 


Phddng trinh cuoi cho ta hai nghiem X, = 0.02947, k ; = 7.885 , td do co 
the tfnh dude hai tan so bang 


co, - 3.5327 


So vdi nghiem giai ti'ch 


w, = 3.516 


El 

co, = 34.8069. 

1 El 

p FV ’ 

]jpFL 4 

El 

co, - 22.034^ 

1 El 

p FV ’ 

p FV ’ 


ta thay nghiem dlu tien co do chfnh xac tddng doi tot, con nghiem thd 
hai co sai so" ldn. Do la do trong vi du tren ta xem dam cong xon chi la 
mot phdn td hdu han. Khi chia d&m cong xdn thanh nhieu phan td 
nho hdn thi ket qua tinh tan so" se dat difdc do chinh xac cao hdn. Dieu 
nay difdc minh hoa bang so trong vi du 1 cua muc (2.4.4.a) dddi day. 


b) Vi du khung khong gian se dddc xem xet trong ph&n ap dung may 
tinh dien td vao phan tich dong ldc hoc cong trinh (2.4.4.b). 
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2.4 PhUdng phap ma tran do cufng dong 

PhUdng phap phdn tilt hUu ban (PTHH), dude trinh bay tom tat d 
tren da lam thay doi hoan toan bo mat cua cd hoc ket cau, dac biet la 
dong lUc hoc cong trinh. Co ngUdi cho rang kho co the co mot phUdng 
phap phan tich ket cau hUu hieu hdn phUdng phap PTHH. Co le phai 
the he tiep sau mdi co the tra ldi dUdc cau hoi nay. Tuy nhien, cung co 
nhieu ngUdi ban khoan vdi do chinh xac cua phUdng phap PTHH. Ho 
co" gang di tim mot danh gia nao do ve sai so"cua phUdng phap. NhUng 
kho co the danh gia dUdc sai so"cua mot phUdng phap, ma thuc chat la 
mot mo hinh khi chung ta khong biet dude ldi giai chinh xac. Chi co 
mot each duy nhat de mitdng tUdng sai so cua phiidng phap PTHH la 
so sanh vdi thde nghiem doi vdi cae ket cau phtic tap va trong trudng 
hdp ket cau ddn gian co the so sanh vdi ket qua giai tich mac du ca 
thUc nghiem lhn giai tich cung deu co sai so" cua minh. 

That la thu vi la ghn day, khi nghien cufu phat trien phUdng 
phap ma tran do ciing dong cho cac he lien tuc, ngUdi ta phat hien ra 
rang, phUdng phap PTHH chi la mot sU ghn dung cua phUdng phap 
ma tran do cUng dong. That vay, trong ca quy trinh Ung dung phUdng 
phap PTHH, chi co mot cho "gdn dung " duy nhat la chung ta phai 
"xap xi" trudng chuyen vi trong phan tii bang trUdng chuyen vi tinh. 
TUc la da bo qua yeu to dong luc hoc cua trUdng chuyen vi. Neu cac 
ham dang trong phUdng phap PTHH chon la trUdng chuyen vi dong, 
thi phUdng phap PTHH trd nen "chinh xac" ma thuc chat se cho ket 
qua nhu phUdng phap giai tich. Khi do khong can phai danh gia sai so" 
cua phUdng phap PTHH nula. Chinh phUdng phap ma tran do cting 
dong cho ket cau da dUdc quan tarn va phat trien tren cd sd y tudng 
nay. Nhu v^iy, co the dinh nghla rat ngan gon: PhUdng phap ma tran 
do edng dong la phUdng phap phan tii hutu han, trong do cac ham 
dang dUdc chon la trUdng chuyen vi dong cua phan tut. Tuy nhien, de 
cd the chon ham dang dong mot each ddn gian va kha thi, thi ta phai 
xet bai toan dong cua phan trf trong mien tan so", the la xet chuyen 
dong vdi bien do phhc phu thuoc vao tan so". Vi vay, thUc chat quy 
trinh phUdng phap ma tran do chng dong ve hinh thhc khong khac gi 
phUdng phap PTHH, nhung de gidi thieu phUdng phap nay cung can 
thiet phai nhan manh mot sd" dac diem rieng biet cua no. 

2.4.1 Khai niem ma tran do cUng dong 

TrUdc het ta xem xet khai niem ma tran do chng dong doi vdi he 
hhu han bac tU do 

MU{t) + CU(t) + KU(t) - P(t) 
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cd dang 


K((o) = -(o 2 M + i(oC + K. 

Day la ma tran ham cua tan so" va phu thuoc tuyen tinh vao cac ma 
tran khoi lUdng, do cdng, he so" can. Co the chi ra r&ng 

K( 0) = K , 

co nghia la ma tran do ciing dong tai gia tri goc cua tan so" cho ta ma 
tran do ciing thong thUdng ma tcC day ta goi la ma tran do ciing tinh 
K 0 vdi ehi so 0 6 dudi. Neu xet trong mien tan so", tUc gia sli 
U( cd), P(co) la bien do phdc cua chuyen vi va tai trong, thi ta co quan 
he 

K((o)U(co) ~ P,(co). (2.4.1) 

Day chfnh la moi lien he gifia luc tac dung va chuyen vi bieu dien ban 
chat cua ma tran do cUng dong. TU day, bai toan dong lUc hoc dan den 
giai phUdng trinh dai so" doi vdi chuyen vi. Chi co dieu, phudng trinh 
dai so" nay phai giai trong mien tan so", co nghia la cho tat ca cac tdn 
so" trong mot dai tdn nao do. TU tUdng cua phudng phap ma tran do 
cdng dong cho ket cau cong trinh chinh la thiet l&p mdi lien he (2.4.1), 

trong do K( co) goi la ma tran do cdng dong cho ket cau, con 
£/(co),P(co) lan lUdt la bien do phiic cua chuyen vi nut va tai trong dua 
ve nut. Muc tieu chfnh la xay dung ma tran K(io) va vec td P( to). 

2.4.2 Quy trinh phuong phap ma tran do ciing dong cho ket 
cau 

TrUdc khi trinh bay quy trinh chung cua phUdng phap ma tran 
do ciing dong, chung ta dtfng lai de trinh bay tom tdt ve phudng phap 
do ciing thong thUdng vdi noi dung la xay dung ma tr&n do ciing trong 
viec phan tfch cac ket cau ddn gian nhu thanh, dam. NhU da nhac den 
d muc 2.1, phUdng phap do ciing co noi dung cd ban la xay dung mdi 
lien he gida cac lUc va chuyen vi tai cac nut, chfnh vi the no con dUdc 
goi la phUdng phap chuyen vi. 

Ta xet mot thanh ddn gian cd cac tham so" hinh hoc va vat lieu 
hang so" E, p, A, L. Gia sU tai hai nut x = 0, x = L cd chuyen vi la U u 
U 2 . Trudng chuydn vi tinh cua thanh cd dang quen thuoc 

u(*) = c 0 + c,x . 

De dang nhan thay 
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c 0 =u(o)=u l , = 


40=i-4f. 4tf ; . 


Nhd v&y ta se co 


Khi do ta co the tmh dUdc luc tai hai dau nut bang 

P, = -EA — (x = 0) = (EA/L)(U i -U 2 ), 

dx 

P, =EA—(x = L) = (EAIL)(-U l + £/,). 
dx 

Neu viet lai cac phUdng trinh cuoi vao dang ma tran ta dUdc 


EA[ 1 -1 

-1 1 


'U^ 

t/. 


va khi do ma tr£n 


[K] = — 
L 


1 -1 

-1 1 


dUdc goi la ma tran do cdng cho thanh hai nut. Ma tran nay cung 
chinh bang ma tran do cdng cua thanh dUdc xay dung bang phUdng 
phap PTHH, cong thdc (2.3.19). Xet trUdng hdp thanh dUdc chia lam 
hai phan td bang 3 nut, hai nut dau thanh va mot nut tai vi tri chia 
thanh thanh hai phan co chieu dai L { ,L 2 . Gia sd hai phan td cua 

thanh co cac dac trdng hinh hoc va vat lieu khac nhau vdi cac chi so' 1 
va 2, ta se xay dUng ma tran do cdng cho hd vdi 3 bac tu do U\, U 2 , U 3 . 
Theo cac cong thdc tren doi vdi phan td thd nhat ta co 



£,A, 


A 


1 

-1 


-1 

1 



Doi vdi phan td thd hai moi quan he nay co dang 



E 2 A 2 


1 

-1 


-1 

1 



Tai nut d trong thanh, ta co dieu kien can bang luc P l2 + P 2l = 0, nen 
co the viet lai cac phUdng trinh cuoi d dang 


Mlu Mlu 

L] L ] ‘ 


= Pn> 
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Mi 


Ut + 


M 


E 2 A 2 

~lT 


u. 


e 2 a 


L U,= 0 , 


e 2 a 

u 


+ 



Til do suy ra ma tran do ciing (chila ap dung dieu kien bien) cho 
thanh la 


[Ky] 


Ml 

Li 

Mi 

u 


L 


0 


_Ml 

Ml.M i 

L, L 2 

Ml 


0 

L 2 

Mi 

L 2 


De giai quyet tron ven bai toan keo nen cho thanh ta phai ap dung 
dieu kien bien va tfnh cac tai trong dua ve nut, ma d day khong trinh 
bay ma chi mo ta viec xay dung ma tran do ciing cho he. 

Hoan toan tufdng til co the xet bai toan uon cho dam hai chieu. 
Khi do cung se nhan dildc ma tran do ciing cho mot phdn til dam hai 
chieu giorig het nhil ma tran do ciing xay diing dildc bhng phudng 
phap PTHH. Viec ghep noi cac ma tran do ciing dildc thilc hien bang 
each can bang liic nut va dam bao sii lien tuc cua chuyen vi nut. 

Quy trinh chung cua phildng phap ma tran do ciing dong dildc 
phat bieu nhil sau: 

Btfoc 1. Chia vat the dan hoi (hay ket cau cong trinh) thanh cac phan 
tii bhng tap hdp cac diem nut (ludi) va chon vec td chuyen vi nut U(t) 
nhil trong phildng phap PTHH. 

BiCdc 2. Xet thng phhn tii rieng biet vdi vec td chuyen vi nut phhn tii 
trong he toa do dia phildng U e . Giai bai toan dong cho phan til trong 

mien t&n so" vdi dieu kien bien la cac chuyen vi nut U e (co) de thiet lap 
moi lien he 


N e (co) - K e (co)t/ e (co) + P e (co), (2.4.2) 


trong do N c ( co) la bien do phiic cua cac lile dau nut, i?” c ,(co) la ma 
tran do ciing dong va P e ( co) la bien do phiic cua tai trong ngoai cho 
phan tii trong he toa do dia phildng. Thilc chat d day la xay diing ma 
tran do ciing dong va vec td tai trong phan tii K v (co) va P e (co). 
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Biidc 3. Ghep noi ma tran do cilng dong va vec to tai trong cho tat ca 
cac phhn td b&ng each chuyen phUdng trinh (2.4.2) ve he toa do tong 
the va can b&ng tat ca cac luc nut, thoa man cac dieu kien bien. Cuoi 
cung ta dupe phUdng trinh (2.4.1) vdi 

^'(co) = ^a,^' ( .(co)a ( :‘; P(co) = -^a^,(io)a ( ;'. ■ (2.4.3) 

e v. 

Khac vPi phUdng phap phan til hUu han, d do sU dung nguyen ly 
nang lUdng de thiet lap phUdng trinh chuyen dong, quy trinh cua 
phUdng phap ma tran dp cUng dong tUdng tu nhu phUdng phap dp 
edng trong cd hoc ket cau. Tuy nhien, ket qua ghep noi cac ma tran dp 
cilng dong phan tu thanh ma tran do cilng dong tong the cho ca ket 
cau cung giong nhU trong phUdng phap PTHH. Dac biet la ngUdi ta 
con chilng minh dupe rhng, ma tran dp cilng va ma tran khdi lUdng 
cua PhUdng phap PTHH co the nhan dUdc mot each de dang til ma 
tran do cilng dong. Dieu nay se dUdc thay ro trong cac trUdng hdp cu 
the sau. 

2.4.3 Mot so phan tut thong dung 

a. Phan tit thanh keo nen va true xoan 

Xet mot phan tu thanh co tiet dien la F, modun dan hoi E, mat 
dp khoi p, chieu dai ( • = Xj - Xj _, (hinh ve 2.4.1) chiu mot tai phan bo" 

Q(x, t). 



i 

>: 

i 

a? 

i_ 

— 

— 

.^ X 




w 




Hinh 2.4.1. Chuyen vi nut va lUc dau nut cho phan tut thanh 
PhUdng trinh dao dong doc cua thanh co dang 


EF 


d 2 U(x,t) d y U{x,t ) 

——— + M r . i - -- 
ex cx at 


+ Q(x,t) = p F 


d 2 U(x,t) dU(x,t) 

+ p 2 


of 


dt 


trong do p, la he so" can nhdt cua vat lieu, p 2 la he so can cua moi 
trUdng. 

BSng each dat: 


U(x, t) = u(x, (o)e ,0)< ; Q(:r, t ) = q(x , co)e ,lo< 
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v6i u(x,o)) va q(x,co ) la bien do cua chuyen vi doc true va tai trong doc 
tren thanh, ta thu dUdc phUdng trinh 


d 2 u(x, co) . 

+ X u(x, co) = q(x,(a), 


dx‘ 


trong do 


q(x,a >). , 2 2 P 

=---, k ~ 0) — 


1- 


;i 2 =-i 


EF E\ © ; 

la tham so dong lUc hoc (co la tdn so" vong - rad/giay) va 

E = E( 1 + ip.,0)) 

la modun dan hoi phde, dtfdi day de cho d§ theo doi ta v&n dung ky 
hieu E nhd khi khong co can. 

Chuyen vi doc true tong quat co dang 

| * 

u(x) - A sin Xx + B cos Xx + — [sin X(x - x ] + t , co ) c£t 

^ 0 

trong do 

x = x - Xj _ t ; Xj_ x <x<Xj 

vdi A , B la cac hang so' phu thuoc vao cac dieu kien d hai dau nut. 

Gia s \1 cac chuyen vi nut la m va cac ldc dau phan tii la iV^_j, N r 
Cac dieu kien bien se la 




u{Xj_ x ) = Uj _ x ; 

U(*j)= 

< -EF^- 

= AT, 

EF ^ 

dx 

J 1 7 

X=Xj _, 

dx 


Td cac dieu kien nay ta co mo'i lien he 


(u,> 

f 

j 

_ 

[ N >\ 

\ 


cosX.^ -(7JEF) ‘sinX.fj ; Y Uj_ y 
XEF sinXt j -cos XI j 


<*i 

a 


. (2.4.4) 


trong do ky hieu 


1 J 

q 3 =— Jsin X(d j -x)q(Xj_ } + x,co)dt; 


] 

q) = EF JcosX(£j -x)q(x } _ y + x,co)cfx. 
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TCf phUdng trinh (2.4.4) ta co the rut ra cac quan he 


(N Y 

/ 

J‘\ 

= XEF 

{ N J J 

V 


cot 

- esc Xf 


-cscXf ; Y U- Y 


cotA,^. j 


k >-i 

. u , 

V j J 


v6i cac ky hieu 


cotz = 


cosz 

sinz 


cscz 


I' XEF esc Xf ; 0 Y q j 
- "KEF cot Xf j 1 J q ' 


1 


smz 


NhU vay ma tran do cling dong va vec to tai trong cho ph&n thii thanh 
chiu keo hay nen co dang 


KjU*) = EF 


[ A.cot XI j -XcscXP. j 
- X esc Xf j X cot Xf j 


fPj-) 


XEF esc Xf j 0 

V 



- XEF cot Xf. j 1 



(2.4.5) 


De dang nhan thay khi cho tan so" ra tien den 0, ma tran do cdng dong 
cho ta ma tr&n do ccfng da nhan dUdc bang phUOng phap PTHH cua 
phan tu thanh trong cong thdc (2.3.19), hay 



EF\ 1 



TUdng tu, trong trudng hdp xoan ma tran do ciing dong va vectd tai 
ngoai vln co dang nhU (2.4.5), nhUng thay vao cho E la G, va cho cua 
Fla /. 

b. Phan tit dam hai chieu chiu uon 


Xet mot dam chiu uon trong mat phang x-y (he toa do dia 
phUdng, Hinh 2.4.2.) co cac tham so: modun dan hoi E z , dien tich mat 
cat ngang F, momen quan tinh tiet dien I z , mat do khoi lUdng p, chieu 
dai dam L trong mat phdng Oxy cua he toa do dia phUdng. 

A 


N] 


y 


n 3 n 4 



Hinh 2.4.2 
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Khi do, phUdng trinh tong quat mo ta chuyen dong uon cua dhm co 
dang: 


d 4 w(x,t) d 5 w(x,t ) 

dx 4 dx A dt 


+ pA 




Q(x, t ), 


trong do j.q la he so" can nhdt cua vat lieu, p 2 la he so" can cua moi 
trifdng. 

Bhng each dat: 

w(x,t) = O(:*:,co)e lft,< ; Q(x,t) = q(x, co)e“ 0< 

vdi O(*,co) va q(x, co) la bien do cua chuyen vi ngang va tai trong ngang 
tren thanh, ta thu dUdc phiidng trinh 

d _ x, 4 0(.r,o) = q(x,a ), (2.4.6) 

dx 

trong do 

g(x,co). 4 ipAf ifO . 2 . 

EI Z El v w J 

la tham so" dong luc hoc (co la tan so" vong - rad/giay), neu A = 0 the 
co=0 ta co trUdng hdp bien dang tinh, vdi co * 0 thi O(x,co) la bien do 
chuyen vi dong va 

E = E z (l + ip, co) 

la modun dan hoi phhc, dudi day de cho de theo doi ta van dung ky 
hieu E nhu khi khong co can. 

DUa vao cac chuyen vi nut nhu sau 

U, =®(o): t/ 2 = <I>'(o);t/,= <t>(t > );l/ J = . 

Khi do ta chide vec td toa do suy rong U={U U U^ U i } T , ngoai ra, ta 

dita vao cac liic nut sau day 

AT, - Ei z <t> m (oy, 

N 2 = -£^0"(O); 

'N 3 =-EI 2 ^j); 

N a = El z <$>\i } ) 

la vec td liic dau nut. Ban chat cd hoc cua cac liic N va U diidc mo ta 
trong Hinh 2.4.2. 
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Khi do, ta co nghiem tong quat cua phifong trinh 

®(x) = O 0 (x) + A X ^K a [X(x - co)dT 

K o 

vdi x e [0, i • ] va 

^ , , v ^ \n K,(hc) K^te) K^CXx) 

= K l (foc)U i + -- U z + N, - - N,, 

A. ihl Z K £Ll z X 

K t (x); K 2 (x);K i (x); K 4 (x) la nhutng ham Kriflov da dtfa vao 6 tren. 
Ngoai ra diia vao cac ham so* 

QMj) - tj \ K &Wj -T)]9(T,D)dT; 
h 0 

q 2 (tj) = -V \ K s [*■(*> -x)]g(T,o)dT; 

X' 0 

q 3 Uj) = -El -T)]g(t,»)A; 


q,((j) = ^r- fc[w j -t)]<j(t,o))c(t 

K ... 


va vectd 


{<?} = j)\ 'J = l,2,...,n + l . 

Khi do theo phiidng phap ma tran truyen ta co 



(2.4.7) 


trong do ma tran 


K,{U j) 

V x K 2 (Uj) 

K 4 (Xtj) 

K 3 (Xtj) 



EI Z X 5 

El z X 2 


K,{Xtj) 


K 2 (Xtj) 

H J 

- X i EI z K 2 (Xf j) 

- X 2 EI z K J (Xf. j) 

EI Z X 2 
- K ] (Xf. j) 

EI Z X 

*K 4 (X(j) 

X 2 EI z K } (Xi j) 

XEI z K 4 (Xf. j) 

X~ l K 2 (Xt. j) 

-K.iXl’j) 
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Sti dung (2.4.7) de bieu dien cac lUc dku nut qua cac chuyen vi nut, 
tUdng tU nhu trong muc trUdc ta dUdc 


{iV} = lK- J (o»]{f/j + [Gj{9} , 


trong do 


X 2 ( Kl-KfiJ - )-K 2 k 2 K y N 

\k]=k } ' (K ^" K]K>} 1{K ^ K ' ~ KK d ~ * K i ^ 

1 ° ~\ 3 K 2 -IsK, ^(K.K.-K.K,) }:{K } K,-K\) ’ 

, \ 2 K, XK 4 )c(K,K,-K;) MK.K, -K,K t )^ 

(2.4.8) 

*. - ^ E l , : *.='*. K)' 

Day chfnh la ma tran do cting dong cua phan tti dam (chiu uon) 
hai chieu. That thu vi la co the sti dung MATLAB de tim dtidc bieu 
dien sau day cua ma tran do cting dong trong trUdng hdp khong can 

[XJ = [XJ-a> 2 [M 0 ] + o( W 4 ) 


k«]= 


[*.]=*£ 


' 12 

6 L 

-12 

6 L " 


6L 

4 V 

-6 L 

2 L 2 


-12 

-6 L 

12 

-6 L 

> 

^ 6 L 

21} 

-6 L 

AL\ 


156 

22 L 

54 

-13 L 

22 L 

4 V 

13L 

-3 V 

54 

13 L 

156 

-22L 

-13 L 

-3L 2 

-22 L 

41 

2 

d 


De dang nhan thay hai ma trtin cuoi la ma tran do cting va ma tran 
khoi ltidng cua phtidng phap PTHH (cong thtic (2.3.22)). 

c. Phan tic dam ba chieu 

D&m ba chieu thtic chat la to hdp tuyen tmh cua cac trtidng hdp 
sau day: mot la bien dang doc true, ttic la phan tut thanh nhti da xay 
dung d tren; hai la bien dang xodn; ba la uon trong mat phang XOY, 
ma thtic chat la phtin tti dam hai chieu cl tren va bon la uon trong mat 
phing XOZ (nhu trong Hinh 2.3.3). Ma tran do cting dong va vec td 
tai trong cua phan tut d£m ba chieu se la ket qua phep cong dai so" cua 
cac ma tran tUdng ting cua cac ph^n tti dtidc liet ke d tren. 
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De co the thUc hien phep cong nay ta chn quy dinh trat til cua 
cac bac tU do cua ca phan td tong hdp. Dieu nay dupe thUc hien bang 
viec chon cac bac td do cua phdn td dam ba chieu nhu sau 

= .t/„,t/ l2 j\ 


trong do y nghia cd hoc cua cac bac tu do nay dupe chi ro trong Hinh 
2.3.3. Nhu vay, cac phan td thanh, xoan va phan td dam 2 chieu trong 
mat phang XOY da dupe xay dung. De thuan tien va khong nhac lai 
ta dua vao cac ky hieu cua ma tran do edng dong cho phan td thanh 
va true xoan lan lUpt la 


[D,} = 


D x 

D‘ 


A* 

d : 2 


[».]= 


d: 


D e 

^12 

n 0 


Ma tran phUn td dam hai chieu trong mat ph&ng XOY dupe ky hieu la 



D y 

■^i i 




t3 

II 

D y 




l y j 

D y 

D y 

D y 

D y 

•^34 


D y 

L 4 1 

D y 

D y 

- ty 43 

D y 

- L/ 44 



Hinh 2.4.3. Uon trong m&t ph&ng xz 

Bay gid, ta xac dinh ma tran dp edng dong cho phPn td dam hai 
chieu trong mat phang XOZ. Trudc het, ta co the tach cac bac tu do 
cua phan td nay td phan td dPm ba chieu mo ta trong Hinh 2.3.3 va 
ta dupe ph^n td dPm hai- chieu trong mat phang XOZ trong Hinh 
2.4.3. So vdi phpn td dam hai chieu dupe mo ta trong Hinh 2.4.2, ta 
thay doi vdi ph4n td cuoi hai momen d hai dau va hai goc xoay d hai 
d&u cd d&'u ngUdc lai. Vi vpy, co the chdng minh dUdc ma tr&n dp edng 
dong cua phan td dam trong mat phang XOZ nhan dupe td ma trpn 
dp edng dong cua phan td dam trong mat phang XOY bang each thay 
vao cho momen quan tinh mat cat I z bang I y va nhan theo hai phia vdi 
ma tran dau nhd sau: 

[D,]=[C] [oJ [C]-' 
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[c] = [c]-' = 


1 0 0 


Cuoi cung ta dtfdc ma tran 


[«>,]= 


K 

d; 2 


N 2 


D y 

-D y 

^\2 

D y 

^13 

~D y 

^14 


d: 2 




-D y 

D y 

^21 

-D y 

Di , 

D„ 

d; 2 


Dl 


D y 

-D y 

v y 

^33 

-DL 


d* 




- D y 

L 4i 

D y 

^42 

-D y 

^ 4 3 

Dl 


Dong thdi, cung nhu phiidng phap phan td hUu han ta dUdc ma tran 
do cdng dong cua phan tut dam ba chieu cf dang 


0 D y 


0 

0 

Du 




/ 




0 

0 

0 

7) n 







0 

0 

D 2i 

0 

Dt \ 
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0 

D 2i 

0 

0 

0 

D y 

^ ->2 




tf 


0 

0 

0 

0 

0 

d ; 2 



N 

0 

D y 

.n 

0 

0 

0 

D y 

^32 

0 

D y 

.33 



0 

0 

D z 

0 

d ; 2 

0 

0 

0 

D 2i 


0 

0 

0 

D 9 

J - y 2l 

0 

0 

0 

0 

0 

D 0 

*^22 

0 

0 

D z 

■ l, 4I 

0 

d : 2 

0 

0 

0 

D z 

.34 

o Dl 

0 

D y 

■^41 

0 

0 

0 

D y 

^42 

0 

D y 

*^4 3 

0 

0 0 


Bieu thiic cua cac thanh phan ma tran do cuing dong neu tren da dUdc 
xac dinh trong cac phan tritclc. 

Thuat toan cho phudng phap ma tran do ciing dong nay da dude 
lap trinh tren ngon ngut MATLAB d dang mot chUdng trinh may tfnh 
mang ten DIALAB. Viec sd dung chUdng trinh nay dUdc minh hoa 
trong cac vf du tfnh toan diidi day. 

2.4.4 Mot so vi du tinh toan 

a) Dam dan hoi 

So' lieu cua dam ngam mot dau (cong xon) co: 
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chieu dai L = 0.25 (m), 

tiet dien ngang F = 0.02 x 0.01 (m 2 ), 

melt do khoi p =7827.1011 (kg/m 3 ), 

modun dan hoi E =1.999xlO u (N/m), va he so"Poisson o=0.3. 

Ket qua tfnh to an 10 tan so rieng dau tien (rad/s) cua dam cong 
xdn neu tren bang DIALAB, SAP2000 va so sanh vdi nghiem giai ti'ch 
diidc cho trong Bang 2.4.1. Nhin vao bang ta thay doi vdi dam dan hoi 
phiidng phap ma tran do cdng dong cho ket qua trung vdi ngHiem giai 
tich (sai so xap xi 0.01%). So vdi phiidng phap PTHH, co sai so" cang 
16n doi vdi cac t&n so" cang cao (tan so" thii 10 co the len den tren 6%), 

-41 f x 

thi phiidng phap ma trhn do cdng dong chmh xac hdn nhieu. 


Bang 2.4.1. 


TS 


DIALAB 

ERROR 

SAP2000 

ERROR 



8.307031 

0.01059% 

8.1694 • 

0.4713% 

2 

16.415 

16.41406 

0.00573% 

16.338 

0.468$% 

_ % . 


51.435 

51.43258 

0.00470% 


1.6008% 

4 


102.8652 

0.00470% 

101.23 


5 


144.0127 

0.00506% 

140.32 

2.6384% 

6 

282.23 

282.2074 

0.00799% 

272.06 ' 

3.7372% 

D 

288.03 

288.0254 

0.00159% 

280.50 

2.6842%, 

8 

466.59 

466.5091 

0.01733% 

444.65 

4.9351% 

9 

564.43 

564.4149 

0.00268% 

543.26 

3.8963% 

10 

696.95 

696.8839 

0.00949% 

655.07 

6.3929% 


b) Khung khong gian 

Xet mot khung khong gian da diidc che" tao va thu nghiem [14]. 
Cac tan so" do cua khung trong bang 2.4.2 diidc cho cl cot cuoi cung. 
Ket qua tinh toan bSng DIALAB (phiidng phap ma tran do cuing dong) 
va SAP2000 (phiidng phap PTHH) do"i vdi khung diidc so sanh vdi 
thuc nghiem (Bang 2.4.2) cho th§"y, trong triidng hdp nay phiidng 
phap ma tran do cuing dong v&n cho nghiem chinh xac hdn phiidng 
phap PTHH rat nhieu. Sai so" cua DIALAB noi chung la diidi 1%, 
trong khi SAP2000 co sai so" g^n 10%. Nhuing ket qua nay cung da 
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dildc so sanh v6i ket qua tfnh toan cua mot tac gia ntfdc ngoai dung 
phiidng phap raa tran chuyen tiep va phUdng phap PTHH vdi so lu'dng 
phan tii khac nhau. Ket qua cho thay DIALAB dat difdc do chinh xac 
nhit cua tac gia da neu. 



Bang 2.4.2. 


Tan 

so" 

DIALAB 

(Hz) 

SAI SO 

(%) 

SAP2000 

(Hz) 

SAI SO (%) 

ThUc nghiem 
(Hz) 

1 

10.8117 

0.8101% 

10.5141 

3.540% 

10.9 

2 

15.8112 

1.3538% 

15.6958 

0.614% 

15.6 

3 

17.7506 

0.8557% 

17.5473 

0.299% 

17.6 

4 

32.7207 

0.6791% 

31.9227 

1.776% 

32.5 

5 

51.1946 

1.5766% 

45.7036 

9.318% 

50.4 

6 

64.7437 

0.5473% 

61.4723 

5.573% 

65.1 

7 

68.6828 

0.5605% 

65.8906 

3.528% 

68.3 

8 

. \ . 

79.5393 

0.2016% 

73.1075 

8.272% 

79.7 

9 

93.6771 

0.3435% 

85.7103 

8.819% 

94 

10 

95.6737 

0.7534% 

88.4760 

8.220% 

96.4 
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2.5 Cong cu may tinh trong dong liic hoc cong trinh 

2.5.1 ChUOng trinh phdn tick ket cau SAP 2000 

a) Sd hide ve SAP 2000 

SAP 2000 (Structural Analysis Program) la phdn mem phan tfch ket 
cau bang phUdng phap PTHH, difdc phat trien td SAP90. Chiidng 
trinh SAP 2000 la phien ban dau tien cua SAP hoan thien viec tfch 
hdp cung vdi phdn mem Windows. The manh ddu tien cua SAP 2000 
la giao dien do hoa cung vdi viec tao ra mo hinh, thuc hien qua trinh 
phan tich, kiem tra va toi du hoa trong thiet ke, deu diidc thde hien 
tren cung mot giao dien. Kha nang phan tich cua chitdng trinh cung 
la mot the manh, ditdc bo sung ket qua nghien ciiu gan day nhat cua 
ky thuat so" So vdi SAP 90, SAP 2000 co them phan tr£ phi tuyen va 
co kha nang kiem tra, toi tiu hoa trong van de thiet ke. 

Hien nay co 3 dang chUdng trinh SAP 2000 (SAP 2000 E, SAP 
2000 PLUS, SAP 2000 Nonlinear) cung stf dung mot dang giao dien 
do hoa, nhhng tinh nang cua moi chiidng trinh khac nhau. Lan litdt la 
Phien ban dung trong viec giang day; tiep den la the hien mdi cua 
SAP 90; cuoi cung, SAP 2000 Nonlinear, la phien ban mcf rong cua 
SAP 2000 PLUS co them phan td phi tuyen. 

SAP 2000 tinh toan va phan tfch cho 6 loai phan td chfnh: Phdn 
td thanh hai nut FRAME; Phan td tarn, vo, vo mong 3 chieu 3,4 hoac 
8 nut SHELL; Phan td phdng ba chieu 4 nut PLATE ; Phdn td khoi 
hai chieu 3 den 9 nut ASOLI; Phan td khoi ba chieu xac dinh thong 
qua 8 nut SOLID; NLLINK - phdn td phi tuyen. 

b) Nhdng thao tac cd ban khi sit dung SAP 2000 

Cong viec ddu tien de mot ngUdi ky sd bdt ddu vdi SAP 2000 do 
chfnh la mo hinh hoa ket cdu cho bai toan can phan tfch. Viec mo 
hinh hoa ket cau tren giao dien do hoa SAP2000 co the thUc hien theo 
cac bufdc sau: Dinh dang he true toa do, lUdi phan chia, ddn vi do 
lUdng ; Khai bao dac trifng vat lieu; Khai bao nut phdn td va phdn td 
co trong ket cau; Khai bao tfnh chat dac biet cua nut (Restrains, 
springs, mass..); Khai bao tai tac dong doi vdi ket cau va to hdp tai 
trong. Tuy nhien SAP 2000 co sdn mot so" mo hinh, ta co the lUa chon, 
sau do chinh sda cho phu hdp vdi mo hinh cua minh. Dieu nay lam 
cho viec thiet lap mot ket cau trd nen ddn gian va nhanh chong. Viec 
chinh sda liidi cung rat ddn gian (DrawlEdit Grid 'cho tham sd theo 
cac true X, Y, Z'). Mot tfnh chat cua SAP2000 trong van de tao mo 
hinh ma ngifdi sd dung can chu y, do la kha nang phat sinh. Doi vdi 
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SAP 90 viec phat sinh phan tut cho phep hoan thien mo hinh nhanh 
chong hdn, nh&'t la doi vdi cac ket cau co phan tu giong nhau. SAP 
2000 ngoai viec phat sinh phan tut, no con cho phep phat sinh ca mot 
cau true. 

Khi cong viec tao mo hinh da hoan thien, viec tiep theo la phan 
tich va hien thi ket qua. Viec phan tich ket qua cua bai toan doi vdi 
SAP 2000 thuc hien tren cung mot giao dien, day la mot dieu rat tien 
ldi cho vdi ngifdi set dung. Doi vdi SAP90 viec phan tich bai toan gay 
rat nhieu kho khan (miCt thdi gian) bdi viec phan tich phai thiic hien 
tren moi trUdng MS-DOS. Trtidc khi phan tich ta can phai chon kieu 
phan tich va diia ra ket qua. Dieu nay la rat can thiet, nhat la doi vdi 
ket cau co nhieu to hdp tai. Thiic hien liia chon thong qua 
Analysis/Set Options. Sau khi da liia chon kieu phan tich thich hdp, 
ta thiic hien phan tich bai toan Analysis/Run. Trong khi chiidng 
trinh thuc hien phan tich, ta co the nhin qua trinh phan tich tren 
man hinhuva khi chtfdng trinh thiic hien phan tich xong ta co the xem 
true tiep bao ldi cua chudng trinh do do ta co the chinh siia loi cua bai 
toan. 

Phan hien thi cua SAP 2000 rat tien ich, bao gom viec kiem tra 
mo hinh va hien thi ket qua phan tich. Kiem tra mo hinh da thiet lap 
la khau het she quan trong va can thiet doi vdi ngUdi sh dung, tranh 
nhung sai sot cho qua trinh phan tich. Mo hinh co the difdc kiem tra 
ve m^Lt hinh hoc cung nhu so lieu thong qua cac lenh: Display/Show 
Underformed Shape, Show Load, Show Input Tables Doi vdi 
SAP90 sau khi thiic hien phan tich, muon hien thi ket qua phai thufc 
hien qua mot chiidng trinh khac va viec hien thi khong don gian, 
SAP2000 cho phep hien thi tren giao dien do hoa va viec hien thi ket 
qua nay the hien sii tien ich cua chiidng trinh. Chiidng trinh cho phep 
hien thi t£t't ca cac dSc triing cd hoc cua ket cau cung nhii cua phan tu!: 
Cac dang dao dong rieng, bien dang cua ket c£u; Chuyen vi cua nut; 
Cac dac triing site bin cua phin td(noi liic, ting suat); Dtidng anh 
hiidng . 

c) Kha nang phan tich dong life hoc ket cau edng trinh cua SAP 2000 

Noi chung kha nang phan tich cua SAP 2000 cung tiidng tu SAP 
90, no chi them ph£n phan tich phi tuyen cho phan tut phi tuyen. 
Ngoai phin phan tich tmh quen thuoc, phtin phan tich dong liic hoc 
cua SAP2000 gom ba loai: 

Cl. Phan tich dang dao dong (modal analysis for vibration modes) 
diidc hieu la phan tich dao dong rieng cua ket cau. Ket qua cua bai 
toan nay la dang dao dong va t£n so' rieng cua ket cau. Cac dang dao 
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dong the hien ting xti cua ket cti'u, chung cung dtidc sti dung la nen 
tang cho phan tich pho phan ting (response spectrum) va mien thdi 
gian (time history). Trong SAP2000 sti dung hai thuat toan Ritzvector 
va Eigenvector de phan tich dang dao dong rieng. Thuat toan 
Ritzvector cho phep tinh toan xap xi tri rieng va vector rieng theo 
phtidng phap Lanczoc. Thuat toan Eigenvector la vieic giai bai toan tri 
rieng (K - AM)<D = 0, trong do k la cac gia tri rieng va d> la vector 
rieng bang phudng phap dinh thtic hoac khong gian con tuy theo kfch 
thticfc bai toan. 

C2. Phan tich phan ting dong trong mien thcti gian , la viec tim phan 
ting cua ket cau (chuyen vi va noi lilc) dtidi tac dong cua tai trong ba't 
ky. Phhdng phap chu yeu la chong chat dang dao dong"dtidc trinh bay 
trong chUdng 1 cho phtidng trinh 

KU(t)+ CU(t)+ MU(t) = Pit ). 

C3. Phdn tich pho phan ling dia chan , thUc chat la giai phtidng trinh 

KU(t)+ CU(t) + MU(t) - m x V„ (0 + m,U„ ( t ) + m,U„ ( t). 

tim pho phan ting theo nghia dtidc trinh bay trong chtidng 3. Pho 
phan ting dong trong trtidng hdp nay khong phai la bien do phtic cua 
chuyen vi, noi ltic nhti da trinh bay trong ph£n phtidng phap ma tran 
do cting dong. Viec phan tich pho phan ting dong cua ket cti'u cong 
trinh dung theo nghia cua no dtidc trinh bay dtitii day, sau phtin minh 
hoa sti dung SAP 2000. 

2.5.2 Phdn tich dong ltic hoc ket cau khung bang SAP 2000 

Ta se minh hoa cho ca viec sti dung SAP 2000 llin phtidng phap 
PTHH trong phan tich dong ltic hoc khung khong gian vdi mo hinh 
dtidc mo ta trong Hinh 2.5.1. 

Khung bao gom 8 phln tti dam (4 cot va 4 thanh giting) va 8 nut, 
trong do 4 nut 1, 3, 5, 7 dtidc ngam chat. Tat ca cac phan tti co dac 
trting vtit lieu E=2.482.10 10 N/m 2 , p=2400kg/m 3 , v=0.2 va tiet dien 
A-0.25x0.25m z . Chieu dai cua cac cot 1, 2, 3, 4 va thanh gidng 5, 6 
bdng 2m. Cac thanh con lai 7 va 8 co chieu dai 2.5m. 

Ta nghien ctiu bai toan dao dong rieng va phan ting thdi gian cua ket 
cau dtidi tac dung cua tai trong P=1000sint (N) dat tai nut 2, theo 
phtidng ctia phan tti 5. 

Cac btidc tien hanh phan tich dong ltic hoc tren SAP 2000 nhti sau. 



96 Nguyen Tien Khiem. Dong life hoc cong trinh 


Hinh 2.5.1. Mo hinh khung khong gian 

Biidc 1: Dinh dang he true toa do, liidi phan chia va dcfn vi do hibng 

Trufdc tien ta chon don vi do ltfdng a phia dtfdi goc trai ‘N - m’. 
Tren menu chinh (Hinh 2.5.2) chon File>New Model va chon cac 
tham so" dinh dang he true va ltfdi phan chia diia theo mo hinh ket 
cau. 




Hinh 2.5.2 


Cac tham so" cua mo hinh dnoc the hien tren ciia so, cu the la 
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Hinh 2.5.2 


Cac tham so" cua mo hinh difdc the hien tren cvia so, cu the la 
So" khoang chia lddi: theo cac true X, Y, Z ; 

Biicfc chia lifdi: true X la 2,5m con lai theo hai true Y, Z la 2m. 

Ket qua la ta dUdc mot lddi chia la mot khoi chd nhat canh 2,5^2x2. 
Bitdc 2: Khai bdo dac trtfng vat lieu 

Viec khai bao thong qua Define > Materials, trong bai toan sii 
dung vat lieu Thep do do ta chon Steel va chon Modify/Show 
Material, sau do thay doi cac thong so" cho phu hop 

Vat lieu dang hildng ‘Isotropic’. 

Modun dan hoi E =2.428e+10 N lm ‘Modulus of Elasticity’. 

He so" Poisson v- 0.2 ‘Poisson’s Ratio’. 

Khoi lUdng rieng p = 2400kg/m 3 ‘Mass per unit Volume’. 

Trong lddng rieng y=9.8*p ‘Weight per unit Volume’. 

Cac tham so" khac chon mac dinh nhd he so" dan nb nhiet, modun 
triidt. 
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Bitdc 3: Thiet lap cac phan tit ket cau 

Viec khai bao mot phan tit day du tren giao dien SAP 2000 
thong qua 3 bitdc: 

Khai bao tiet dien phan td, dac trifng phan tu Define > Frame 
Section / Modify 

Tao (ve) phan tit tren giao dien Draw > Frame hoac Draw > 
Quick draw Frame (Hinh 2.5.2) 

Gan dac trUng mat cat cho phan tik Assign>Frame>Section. 
Neu ket c&'u chi co mot loai tiet di§n thi chudng trinh mac dinh 
luon dac trifng cua cac ph^n tii vifa dude thiet lap theo bitdc tren 
la loai tiet dien da ditdc khai bao. Do do trong tritdng hdp bai toan 
nay ta co thd bo qua bitdc nay. 

Qua 3 bitdc tren ta da thi§t lap ditdc hinh dang cua mo hinh 

Bi/cic 4: Khai bao rang buqc hoac tai trong tai. nut phan tit 

Dung con tro danh dau cac nut 1,3,5,7 roi chon 
Assign/Joint/Restraints se hien len cifa so cho phep ta lua chon 
rang buoc theo hai each: thii nhat la danh dau vao cac 6 d§ han che 
bac tU do hoac chon bieu titdng gom 4 loai ngam, goi, tita va tu do. Ket 
qua d cac nut 1,3,5,7 la ngam chat. 

Bitdc 5: Khai bao tai trong cua ket cau 

Ham tai trong F=1000sinojt tac dong vao nut 2 theo phiidng X, 
ditdc tach thanh 2 thanh phdn: ham cua khong gian va ham cua thdi 
gian F~P{x), G(t). Ham khong gian P(x ) phu thuoc vao vi tri cua tai 
trong, ditdc khai bao la tai trong tinh tap trung (thong thufdng no 
chinh la bien do cua tai trong) thong qua cac viec: 


Dinh nghia tai trong bang Define/Static Load Case! sau do khai 
bao cac tham so can thiet (ten tai ‘ load ’, kieu tai ‘ type he so" trong 
litdng ban than). Chu y khi phan tick dong litc hoc tai trong ban 
than can ditdc khai bao Self Weight Multiplier - 1. 


Gan gia tri tai trong: chon nut 2 sau do thiic hien: Assign> Join 
Static Loads> Force, trong bitdc nay can chu y phitdng chieu cua 
litc tac dung, P(x)=1000, con lai bang 0. 
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Elide 6. Phan tich dao dong 

Dieu dau tien la chon kieu bai toan phan tich, dupe thuc hien 
Ilia chon thong qua Analysis/Set Options. O day ta chon Dynamic 
Analysis va Set Dynamic Parametes de khai bao cac tham so': so' 
ltfdng modes; phUdng phap Eigenvector hay Ritsvector; tin so' trung 
tarn; Tin so' cUc dai, sai so'... . Dexuat ket qua can chon Generate 
Output va Select Output Options. De bit dau giai bai toan ta chon 
Analysis/Run(hoac F5). 

Btide 7. Hien thi ket qua phan tich. 

a) Xem cac dang dao dong rieng (mode) diidc thUc hien nhb 
DisplaylShow Mode Shape. Trong do Scale factor la he so khuech 
dai hien thi; Mode Number - so' hieu dang dao dong can hien thi; 
Wire Shadow - the hien blng dddng mb ket cau chiia bien dang.... 
Tren hinh ve dang rieng co kem theo chu ky tUdng hng cua no. NhUng 
neu muon xem gia tri cac tan so rieng dong thbi ta phai vao file ket 
qua .out va lay ra bang gia tri tan so nhu trong bang 2.5.1. 

b ) Bieu dien ket qua phan tich dap itng blng viec chon Display! 
Show Time History Traces. Bieu dibn do thi cua ham tai trong, 
chuyen vi, van toe., theo ham thbi gian: F(t) us t hoac gifla cac ham 
vbi nhau: F(t) vs F(t). O day can khai bao Time range- mien thbi 
gian de bibu dien; Axis range override - mien gia tri bieu dien tren 
true; Define Function - chi dinh ham cln bieu dien; Line Option - 
chi dinh dubng cong the hien; Line Color - chi dinh mau cua dUdng 
cong the hien; Scale Factor - he so' phong dai dubng cong thb hien; 
Axis Labels - ghi chu tren cac true toa do. 

LUa chon cac ham hien thi: blng Define Functions. Vi du, de hien 
thi dap bng cua nut 8, Chon Add Joint Disps/Forces> , ta diidc eba 
so trong do chon so' hieu nut Joint ID va dung Vector Type de hien 
thi phan bng (chuyen vi - Disp, van to'c - Vel, gia toe Accel vbi cac 
hinh thhc khac nhau) hoac lUc cang 16 xo - Spring Force, phan liic 
Reaction). Cuo'i ciing la chon hiibng cua dap bng cung nhu cua lilc 
blng Component. 

c) Hien thi (tng suat noi life cua ket cau. Display>Show Element 
Forces/Stresses. Tren cua so Member Force Diagram for frame 
chon loai lUe can hien thi nhtf Axial Force ~ lUc doc true, Shear 2-2 
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hoac Shear 3-3 theo cac mat cat, cac momen xoan va uon. Bieu 
dtfdc hien ra ngay ben canh. 


Bang 2.5.1. 


Dang dao 
dong 

Chu ky 

T5n so vong 

Tan so' goc 

(TIME) 

(CYCL/TIME) 

(RAD/TIME)**2 

1 

0.050112 

19.955207 

125.382264 

2 

0.048829 

20.479569 

128.676925 

3 

0.045175 

22.13631 

139.086537 

4 

0.027501 

36.362876 

228.47469 

5 

0.004981 

200.751464 

1261.359 

6 

0.004964 

201.462361 

1265.825 

7 

0.004951 

201.964527 

1268.981 

8 

0.004927 

202.974334 

1275.325 

9 

0.003929 

254.496013 

1599.046 

10 

0.003917 

255.300014 

1604.097 
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Trong chUdng nay ta nghien ctiu mot so" bai toan cd ban cua 
Dong lUc hoc cong trinh thUdng gap trong thuc te bat dau tit bai toan 
dao dong cua dam cau ddn gian dudi tac dong cua tai trong di dong. 
Day la van de rat quan trong trong viec thiet ke cung nhU sU dung cac 
cau giao thong trong thuc te. Viec giai bai toan nay cho phep ta xac 
dinh dUdc he so dong cua dbm c&u, van toe tdi han cho phep cua cac 
phUdng tien giao thong tren cau de tranh cong hUdng va hieu dUdc 
mot so" hien tUdng ly thu can phai liiu y trong thUc te sU dung khai 
thac cau. Bai toan thut hai la viec nghien cUu phan Ung cua cac cong 
trinh dUdi tac dung cua dong dat, mot van de cung khong kem ph&n 
quan trong de xay dUng cac cong trinh trong vung dong dat. Tiep theo 
chung ta xem xet bai toan dong luc hoc cong trinh dudi tac dung cua 
song dang rat dUdc quan tarn hien nay trong viec xay dung cac cong 
trinh bien. Cuoi cung, chung tdi xin gidi thieu tom lUdc ve dng dung 
dong lUc hoc cong trinh trong chan doan ky thuat cong trinh. 


3.1 Dao dong cua dam cau dtfcfi tac dung cua tai trong di 
dong 

De ddn gian va hieu ro ban chat van de, ta xet mot nhip cdu dUdc 
mo hinh hoa nhU mot dam dan hoi co cac dac trUng vat lieu va hinh 
hoc nhU sau: modun dan hoi E, he so" can noi p, can ngoai c, mat do 
khoi p, tiet dien ngang F, momen quan tmh tiet dien / va chieu dai L. 
Cac dieu kien bien la gbi tua ddn gian. Tai trong di dong dUdc xet nhU 
mot luc hang so" tac dung len dam co diem dat di dong vdi van toe v. 



Hinh 3.1.1. 

Khi do phUdng trinh dao dong ubn cua dam cd dang 

dW a 5 w nT 0«W ... 

p F — ; — i- c - + EIu. —-— + EI — — = P,Mx -a(t)), 

dt 2 dt dx 4 dt dx 4 


(3.1.1) 
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trong do W la do vong cua dam, a(t ) = x Q +vt, b(x) la ham Dirac. 

Bieu kien bien co dang 

W(0, t) = W(L, t) = W(0, t) = W(L, 0 = 0. 

NhU trong phan 1.5.2 ta da xac dinh dtfdc tan so" va dang dao dong 
rieng cua dam goi ttfa ddn gian bang 

= Cj sin jive IL; Cj - V2/L, 
t j — 1,2,3,....,a 0 — 

Neu tim nghiem phddng trinh (3.1.1) d dang 

j 

ta se dddc cac phufdng trinh de tim toa do suy rong q nhd sau 

qj + + (n)q = p 0 sin(v ; * + cp ; ), (3.1.2) 

trong do 




c , 2 1 J™ J™ o 

^ =~r- 

Th do nghiem dting (sau khi dao dong rieng tat) cua phtfdng trinh 
(3.1.2) la 


Qj (t) = 


p 0 s in(vjt + (p j - Qj) t 
J(a z j- v *y+4hj\ z j ’ 


2h v . 

0, = arctan 


•5-v} 


Cuoi cung do vong dong lute hoc cua dam se bang 

2 p 0 ^ sin(jTOc/L)sin(Vjt + <pj - 0 ,) 

,/(»’-v})> + 4A’v} 


(3.1.3) 


Timoshenko da chi ra dtfdc rang neu tai trong diing yen tai vi bri x 0 
thi chuyen vi tlnh cua dam se dddc xac dinh tCf cong thiic (3.1.3) bang 
each thay vao do van toe v = 0. Khi do 

W 0 (x) = 2 ^ L a ■ X ~T sin 0'^c / L) sin(jTcr 0 / L } ). (3.1.4) 
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Trong viec nghien ctiu dong liic hoc cau, ngiidi ta quan tam nhieu den 
he so" dong liic hoc, diidc xac dinh mot each giai tich bang ty so" 


hay 


= 


W(x,t)-W 0 (x) 

W 0 (*) 


W(x,t) = (l + n rf )W 0 (x). 

Do do bieu thtic tong quat cua he so dong liic hoc co dang 

sinO'ruc/L)sin(v^ + cp y -0^) 

a o L 
W{x,t) * 


1 + M«i = 


Jitf-v)) 2 +4h 2 jv 2 j 


W, 


o (*) ^ (LI jn ) 4 sin(y’7u: / L) sin(,;7u: 0 / L } ) 


. (3.1.5) 


Trong thiic te" he so" dong diidc tlnh nhii la gia tri ciic dai cua he 
so" dong ly thuyet phu thuoc vao thdi gian. Khi do he so' dong se phu 
thuoc vao tdng vi tri tren cau, cu the la doi vdi dang dao dong cd ban 
tai vi tri lute tac dung ta co 


l + Md = 


1 


■<J(\-y 2 ) 2 +4h 2 y 2 sin(7cc 0 / L) 


(3.1.6) 


vdi 


Y 


vL 

a 0 7i' 


Cong thde cuoi cho thay: 


He so" dong khong xac dinh tai cac dhu dam va nhan gia tri nho 
nhat tai vi tri giufa dam. 


71 


Doi vdi van toe cua tai trong thi he so" dong 16n nh&t khi v = . 

L 


He so" dong co the xac dinh diidc neu biet tan so" dao dong rieng va 
he so"can cua dam. 


Ket luan cuoi co y nghla thiic te rat cao, bdi vi de xac dinh he so" 
dong thiic te" cua dbm c&u khong nhat thiet phai thd tai tlnh va dong, 
ma co the bdng each do tan so" rieng va he so" can cua no la du. 


Ngoai he so" dong neu tren, trong thiic te" can phai qUan tam den 
hien tiidng cong hiidng cua cau xay ra do toe do cua phudng tien giao 
thong di tren cau. Theo cong thiic (3.1.3) ta thay bien do dao dong cua 
dbm cau se rat ldn neu van toe cua tai trong gan vdi mot trong cac tbn 
so' dao dong rieng (cong hiidng), tdc la khi 
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v 


o rc 
L 


j = 1,2,3,- 


Trong thdc te" de khong xay ra cong hddng, van toe cua phddng tien 
giao thong tren cau khong dddc vddt qua gidi han 



n_ IW 
LljpF 


(3.1.7) 


Ro rang la cdu cang edng va cang ngdn thi van toe gidi han cang cao. 
Cdu cang nang thi van toe cho phep cang be. O day chung ta khong 
xet den hieu dng tac dung cua gio, trong vai trddng hdp co the cung 
dan den cong hddng lam nguy hiem cho cau. Trong thrfc te, de co the 
quv dinh toe do cho phep doi vdi mot cau cu the, can phai tmh den 
nhieu yeu to" khac niia nhit tac dong cua gio, cua nhieu phUdng tien 
cung mot luc va ca he so" an toan nao do. Vi the to"c do cho phep thutc 
te" nho hdn nhieu so vdi toe do tmh dude tit cong thde (3.1.7). 

Mot dieu ly thu nda khi nghien cdu dong luc hoc dam cau la 
hien tddng u cong hitang cham" sau day. Theo (3.1.3), chu ky dao dong 
cUdng bde cua dam cdu bang 


_2tt = 2L _ 2 j, 

Vj Jv j 


(3.1.8) 


trong do T la thdi gian tai trong di het chieu dai dam cdu. Doi vdi 
dang dao dong thd nhat, khi tai trong di het chieu dai ddm cdu thi 
dao dong cua cau mdi thvfc hien dddc nda chu ky cong hdcfng. . 

Bang phddng phap tddng td, chung ta co the nghien cdu cac bai 
toan phde tap hdn ve dao dong cua dam c&u dddi tac dong cua tai 
trong di dong. Cu the nhd trong trddng hdp tai khong phai la hang so", 
raa la ham cua thdi gian hay la vat the co kho"i lddng dat tren bo giam 
chan di dong tren dam. Hay bai toan phde tap hdn nda la viee nghien 
cdu dao dong cua cau dddi tac dung cua to hdp tai trong phan bo" di 
dong. Nhdng bai toan phde tap nay cho den nay vim chda giai quyet 
dddc tron ven ma dang tiep tuc dddc nghien cdu. Dddi day chung ta 
thiet lap phddng trinh chuyen dong cho he gom mot vat co kho"i lddng 
chuyen dong tren ddm cau. 

Xet mo hinh nhd trong hinh ve 3.1.2, gdm mot vat khoi lddng m 
dat tren mot bo giam chan dan hoi va nhdt, di dong tren mot dUm dan 
hoi vdi van toe bang v. 

De thiet lap phddng trinh chuyen dong cua he, ta taeh no thanh 
hai he con. Mot he gom vat ran cung bo giam chan dao dong dddi tac 
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dong cua dich chuyen nen (he mot- bac tU do). He t-hb hai la dhm dan 
hoi dddi tac dong cua tai di dong. Van de la xac dinh do 16n cua tai di 
dong nay gay ra do vat the dao dong cung v6i dam theo phaong thang 
ddng. De xac dinh tai nay ta xet mo hinh trong hinh ve 3.1.3. Tracing 
hop a) mo ta bo giam chan b trang thai ta do; tracing hdp b) vat da dat 
len bo giam chan 0 vi tri can bang tinh va traong hop c) mo ta trang 
thai hien tai dang xet. 



Hinh 3.1.2. Mo hinh vat the chuyen dong tren dam cau 

Ky hieu x 1 la chieu dai 16 xo ta do; x 0 khoang each ta vat den 
nen ddng yen trong trang thai tinh ban ddu t = 0; x n la dich chuyen 
tuyet doi hien tai cua nen, x la la khoang each td vat den nen ban dau 
ddng yen. Khi do Ax - a:, - x n la do nen tinh cua 16 xo. Nha vay tai 
thoi diem t dang xet, trong 16 xo xuat hien lac dan hoi bang 

F e =k(x~x n -x } ) = k(x - x n -Ax-Xq). (3.1.9) 

Ne'u ky hieu dich chuyen tuyet doi cua vat tai thoi diem t bdng 
x - x ~ x 0 , thi lac daxi hoi tac dung len vat bang 


F e = k(x -x n -Ax). 




Hinh 3.1.3 

Ngoai ra lac can nhdt bang 

F f =c(i:-i n ) (3.1.10) 

va do sa can bang tinh cua vat tai thoi diem ban dlu, nen ta co 
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mg = kAx. (3.1.11) 

Phu'dng trinh can bang cua vat tai thdi diem t se la 

mx + c(x - x n ) + k(x - x n - Ar) + mg - 0 . 

NhUng vi x = x,x = x , nen phUdng trinh cuoi co the viet lai nhu sau 


mx + c{x - x n ) + k(x ~x n ~ Ax') + mg = 0 . 

Hdn nda neu ky hieu dich chuyen titdng doi cua vat so vdi nen la 

z — x — x n — X ~ Xq — x n 

va chu y den ddng thdc mg = kAx , ta se dude 

mz + cz + kz - -mx n . (3.1.12) 

Luc nay co the tfnh ap litc len nen bdng 

P = -c(x - x n ) - k(x - x n - Ax - x a ) = -cz - kz + mg . 

Neu tfnh den phifdng trinh (3.1.12), ta co the viet lai bieu thdc 
cua ap lUc len nen bdng 

P = m(g + z + ic n ). (3.1.13) 

Trong cong thdc (3.1.13), hudng tac dung cua luc la tu: tren xuong, 
hudng chuyen dich cua vat va cua nen la ngUdc lai (dubi len). Neu 
thay doi hUdng chuyen dich cua vat va nen tif tren xuong, tdc thay 
z - -z ,x n = -w , chu y rdngy va w la chuyen dich cua vat va cua nen 
cung hifOng v6i litc tac dung vao nen, ta dude 

P - m{g -z-iv). (3.1.14) 


Nhu vay, phitdng trinh dao dong uon cua dam diidi tac dong cua tai 
trong di dong vbi van toe u se co dang 

d 2 W dW d 5 W d*W 

P F^ + c^ + EI)x^- + EI?-^ = m(g-z-WMy-y u -vt). 
dt 2 dt dy A dt dy A 

(3.1.15) 

Cung vdi phiidng trinh (3.1.12), luc nay co dang 

mz + cz + kz = -mW . (3.1.16) 


De dang nhan thay, neu gia toe titdng doi cua vat. so vdi nen bdng 0 
(vat co the khong cuyen dong so vdi nen z = const ), thi he phddng 
trinh (3.1.15, 3.1.16) se rut gon lai thanh mot phitdng trinh 
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„d 2 w ew a 5 w PT a 4 w 

p F —— + c- + EI\x —-— + El —— 

dt 7 dt dy A dt dy A 


Mg - W)8(y - y 0 - vt). 

(3.1.17) 


Cac phUdng trinh neu tren deu la cac phUdng trinh vi phan dao ham 
neng vdi he so" bien thien, viec giai chung chi co the bang cac phUdng 
phap gin dung hoac phifdng phap so". 


3.2 Phan ting cua cong trinh trong dong dat 


3.2.1 Set luoc vc dong dat 

Dong d§"t la mot hien tUdng dac biet cua tu nhien, da difdc biet 
den tu: thdi co dai. Dong dat rat nguy hiem do"i v6i cac cong trinh xay 
dung. Co rat nhieu vi du minh chdng cho tac hai cua dong dat den 
cuoc song cila con ngUdi, gin day nhat la cac tran dong dh"t d Armeni, 
Tho NhT Ky, Kobe (Nhat ban). Cho den nay dong dat van la mot hien 
tUdng khong the du bao sdm dUdc. Vi vay, khi thiet ke xay dung cac 
cong trinh quan trong trong vung dong dat bit buoc phai tinh den 
kha nang dong dat co the xay ra. 

Nguyen nhan sau xa cua dong dat cung vln chUa dUdc sang to. 
NgUdi ta chi biet ring dong dat xay ra khi d mot vi tri nao do trong 
long dat phat ra mot nang lUdng vo cung 16n lam cac ldp vo trai dat 
trUdt tUdng doi so vdi nhau. Tam diem xay ra sU phat tan nang lUdng 
nay goi la chan tarn (Epicentre). Nang lUdng phat ra dUdc dac trUng 
bdi mot tham so" goi la cUdng do dong dat, ma ngUdi ta co the sd dung 
cac thang do khac nhau. Hien nay thong dung nhat la do Richter. Tac 
dong cua dong dat den cong trinh thudng dUdc danh gia bdi cac tham 
so nhu hudng dong dat, chuyen dich, gia toe cua dat va cuoi cung la 
khoang thdi gian xay ra dong dat cung nhu tan suat cua no. 

3.2.2 Tinh todn phan itng dong cua cong trinh doi vdi dong dat 

- mo hinh rdi rac 


NhU ta da noi d tren, tac dung cua dong dat len cong trinh chu 
yeu thong qua sU chuyen dich ngang cua nen dUdc dac trUng bdi gia 
to"c nen dat tai chan cong trinh. Xet mo hinh ddn gian cua cong trinh 
trong dong dat cho trong Hinh 3.2.1. d day, ta chon n - 1 kho"i lUdng 
blng m dUdc gia thidt tap trung tai dinh cong trinh, c la he so"can noi 


va k = 


3 El 


la do edng tUdng dUdng, jc 0 (0 la dich chuyen ngang cua 


nen gay ra do dong dat. 
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Vdi nhufng gia thiet nhU vay ta co phudng trinh chuyen dong cua he 

mx(t) + cx(t) + kx(t) = -mx fi (t ). (3.2.1) 

Phudng trinh nay co the dUa ve dang chuan hoa nhu sau: 

Jc(£) + 2Cfji Q x{t) + co^rV) = -x 0 ( t ), (3.2.2) 

trong do to,, la tan so" rieng cua he khi khong co can, C, la chi so" can tdi 
han 



Hinh 3.2.1 

Nghiem cua phudng trinh cuo"i bang tong nghiem rieng va nghiem 
tong quat cua phiidng trinh thuan nhat tddng ting. He so" can tdi han 
C, phu thuoc vao dang ket cau va ban chat cua vat lieu xay dung. Nhtf 
da biet trong ly thuyet dao dong, trong trUdng hdp C, = 1 va t, >1 thi h6 
cd hoc se chuyen dong tdt dan khong dao dong. Neu C <1 thi nghiem 
rieng cua phtidng trinh thuan nhat tUdng ting bieu di§n dao dong tdt 
dan va se mat di trong thdi gian ngan. Vi vay, d day ta chi xet nghiem 
rieng cua phUdng trinh (3.2.2) no bieu dien dao dong binh on difdi tac 
dong cua dong dat. Nghiem nay dude bieu dien dudi dang tich phan 
Duhamel 

1 1 

x(t) = -[3c 0 (x)e Cl0 ,(,_T> sin co*(f - t)g(t . (3.2.3) 

co* i 

Dao ham lien tiep (3.2.3) theo thdi gian se thu dtidc van to"c 
tiidng doi va gia toe tuyet do"i cua khoi lildng m 

x(t) - |ic 0 (x)e“ c<o " ( '" l) [~cosco’(£ - t) + C,' sinco*(f - x)]cit, (3.2.4) 

0 
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x a {t) + i(£) = co* Jic 0 (x)e T) [(l - £* : )sin to* (t - t) + 2^* cosco*(i - x)]c/t 

o 

(3.2.5) 

vdi 

<»* =<;/ Vi -(; 2 ■ 

Thtic te doi vdi nhieu he ket cau, he so" can tdi han kha nhd (<10%) va 
do do co the lay gan dung 

to* « co 0 ; « C, . 

Tren cd sti cac cong thtic nay ta co the xac dinh cac dac trpng sau 

Ttia pho dap ting dich chuyen 

S'j (co, Q = Max t |.r(f)|. (3.2.6) 

Ttia pho dap ting van toe va tua pho dap ting gia toe dtidc xac 
dinh theo cac cong thtic sau 

S„ (co, 0 = Max t \ax(t)\ = (oS f/ (co,Q; (3.2.7) 

S a (co,C,) = Max^to 1 x(t)\ = orS ri ((o,Q. (3.2.8) 

Nhtf vay, ting vdi gia toe do dtioc cua dong dat va vdi mot he go" 
can nhdt da cho, ngtidi ta co the xac dinh tiia pho dap ting nhti la mot 
ham so cua ttin so" rieng hay chu ky dao dong rieng cua he. Mot vi du 
minh hoa cho ttia pho dich chuyen dupe trinh bay trong Hinh 3.2.2. 



Hinh 3.2.2. Ttia pho dap ting dich chuyen cua tran dong dat El-Centro 
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Sau khi xac dinh diidc cac tiia pho phan ting, ta co the tinh diidc mot 
liic tinh tiidng diidng theo nghia thay liic tinh tac dung len he de gay 
nen dich chuyen bang dich chuyen ctic dai ma liic dong gay nen 
F=k.x, nax ~ mS a . 

Ttidng tti co the thiet lap mo hinh htiu han bac tii do cho cong 
trinh (vl du bkng phiidng phap PTHH), khi do ta diidc phUdng trinh 
chuyen dong cua cong trinh co dang vec td 

[c]b}+[ffM = , (3.2.9) 

trong do cac ma tran M, C, K da biet, co the xay dting diidc b&ng mot 
trong cac phiidng phap da trinh bay d chiidng 2 , vec td {l} bieu dien 
hiidng tac dung cua dong dti't, ttic htidng dich chuyen ngang cua nen 
dat. Neu tim nghiem phiidng trinh cuoi d dang 

trong do [o] la ma tran dang rieng va {< 7 } = {q, <7 N (£)} T la vec td 

toa do suy rong, ta se diidc phiidng trinh 

q i (t) + 2C >i (o i q i (t) + ai^q i (t) = fi'x^t) 


vdi cac ky hieu 


. U . r - 

^ = 2 JMjKj '' fl= M~'’ 

M,={®}r[M](®},; C,.={®}f[c]{®},. ; 

K ,= {®}f[JfM; F l = {®}f[M]{l}. 

Theo ket qua ci phan tren, do! vdi moi toa do chinh ta co the xac dinh 
tiia pho dich chuyen bang 

- Max t \q k {t)\ = f k S d (a k ,(; k ) ■ 

Hien nhien day khong phai la tiia pho dap ting dich chuyen cua 
cong trinh. Ve nguyen tac, de tim pho dap ting nay chung ta phai tinh 
bien do ciic dai cua phan ting cong trinh tai mot nut k nao do tti bieu 
thtic 




Z (1 / Wjkfk sin co* (t - x) 


dr, j = N 


Vi vay, co hai each ddn gian de tim pho dap ting mot each gtin dung tti 
pho cua toa do suy rong. Thti nhat, co the tinh 
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S ) (co,0 - Max\q } (f)| = > 

trong do 

s jk (i* k £ k ) = <t> jk sun k ,<; k )- 

Cach thd hai co ke den titdng quan gitfa cac dang rieng 


(3.2.10) 


Sj (<°,o = , 

V m * n 

trong do Q mn la cac he so" tiidng quan giuta cac dang rieng. 


(3.2.11) 


3.2.3 Tinh toan phan ting dong cua cong trinh doi vdi dong dat 
- mo hinh lien tuc 

Xet mot cot dting, nhii mot dam dan hoi vdi cac dac trdng E, p, 
I, F, L ngam mot dau vao nen dat. Mot each tong quat, chuyen dong 
cua nen trong dong dat dUdc gia thiet theo hitdng xien, tao vdi phddng 
nam ngang mot goc a va co do ldn bang C,(t). Khi do thanh phin nam 
ngang va thanh phan thing ddng cua chuyen vi nen lan ltfdt cd dang: 

u 0 (t) - ^(£)cosa ;v(t) = C,(t)sina . (3.2.12) 

Khong kho khan cd the thay the chuyen vi citdng bde thing dting cua 
nen bang Itfc nen doc phan bo" deu tren dam vdi m&t do phan bo" bing 

p(t) - -pFC,(t)sina . 


Nhtf v&y, neu coi u(x, t) la do uon ngang cua cot (chuyen vi ngang 
tddng doi cua dam so vdi nen, thi phddng trinh (1.4.4), chifdng 1 tinh 
them can ngoai cho ta: 


p Fii(x, t) + 


EI d 2 u(x,t) 

du(x, t) d 

4 - C - 

du(x,t) 
P - 

dx 2 

dt dx 

dx 


~pFii 0 (t) 


(3.2.13) 

vdi dieu kien bien 

d‘ u{ xt) , = L) jMx t) = = Mx,t) ^ x = Q =u ( x t) \( x = o) = 0 . 

dx 2 1 dx 2 1 dx 1 1 

Phufdng trinh (3.2.13) co thi nghien ctiu bing phtfdng phap Bupnop- 
Galerkin va se dan tdi viec nghien ctiu tac dong dong thdi cua ngoai 
ltfc va kich dong tham so", mot bai toan phi tuyen viidt ra ngoai khuon 
kho noi dung cua giao trinh nay. Day la mot van de nghien cdu anh 
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hticing cua dich chuyen dting trong dong dat den cong trinh, doc gia co 
the tim hieu trong cac tai lieu hoac til giai quyet. 

Neu bo qua thanh phan chuyen dich dting cua dong dat, ta dtidc 
bai toan dao dong uo"n cua dam dtidi tac dung cua Inc phan bo" deu 
tren ca dtim 


du(x,t ) d 2 

p Fu(x, t) + c -+ —- 

dt dx~ 


El 


d 2 u(x,t ) 
dx 2 


= -p Fii 0 (t). 


Ldi giai ciia bai toan nay da cho d muc 1.5.3, cu the la ham mat do 
pho cua chuyen vi ngang (do uon) cua dam bang 

S w (x, co) = S u ((£>)Y,rjr k Hj((d)Hl(o))tyj(x)§ k (x ), (3.2.14) 


trong do S u (co) la mat do pho cua gia toe nen theo phtidng ngang va 


L 

H co) = [to* - co 2 + 2ic,j(d jto] -1 ; r } - ; i = . 

0 

Ham mat do pho (3.2.14) khong phai la ttia pho dich chuyen da 
nghien ctiu d tren. Day la ham mat do pho cua chuyen vi ngang, phu 
thuoc vao toa do tren dam va ttin so" kich dong. Di nhien, cung giong 
nhti tna pho dap ting neu tren, mat do pho dap ting phu thuoc ca vao 
tan so" rieng va he so" can cua cong trinh. Tmh phtidng sai cua dich 
chuyen ngang bang 

( x , «>,.;,)= |s,„ ( x, <s>)da = 


■I 


(<n)Hj((x))Hl (to)tio) 

■QO jM 


trong do 



r 


r j r k 


+03 




Cuoi cung, do lech trung binh binh phtidng cua chuyen vi co dang 
a w (x,to,q) = ^S jk <p j (x)(t> k (x) 

ttidng dtidng vdi ttia pho dich chuyen da tmh mot each gan dung d 
tren. Neu ti'nh do lech trung binh binh phtidng cua chuyen vi tai x=x n 
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va ky hieu a i( ,(x„,co,c;) = o n (co,c;)thi cong thilc (3.2.15) tiidng tii nhii 
cong thiic (3.2.11). Chi co dieu cong thiic (3.2.15) la chinh xac, con 
(3.2.11) chi la gin dung. Tuy nhien cong thiic (3.2.15) chi nhan dUdc 
doi vdi ket cau dam, con cong thiic (3.2.11) co the nhan diidc cho ca 
ket cau khung, dan,... 


3.3 Dong liic hoc cong trinh bien 


3.3.1 Cac dac triing cd ban cua song bien 

Song bien chu yeu diidc gay ra bcfi gio, la ket qua cua sii tiidng 
tac giCfa gio (khf quyen) va mat niidc bien. Vi vay, song bien diidc dac 
triing chu yeu bdi hinh dang mat song - nguyen nhan cd ban gay nen 
chuyen dong song cua midc bien. De tinh toan tac dong cua song len 
cac cong trinh bien, thong thiidng ngiidi ta gia thiet chat long la. ly 
tiidng, khong nen diidc va khong co chuyen dong xoay. Chuyen dong 
diidc coi la co the. 

Xet triidng hdp song phang trong mat phlng XOZ (Hinh 3.3.1). 
Gia sd z = £,(x,i) la phiidng trinh mat song. Khi midc lang tiidng ting 
la z = 0. Ky hieu u, w la chuyen dich cua hat chat long co toa do (x, z), 
theo phiidng x va z, <j>(x,z, t) la ham the van toe, the 


u - 


w = 


du _ cty 
dt dx 
dw cty 


dx 

dz 


dt dz dt 

Vdi nhuing gia thiet neu tren ta co cac phiidng trinh 

.. 5 2 4> a 2 <h 

^7 + ^lgrad.lf] 1 + -(p-p 0 ) + gz = 0. 

dt 2 p 


(3.3.1) 


Phiidng trinh diu la phiidng trinh Laplace mo ta tinh lien tuc cua 
chat long, phiidng trinh thii hai la tich phan dlu Bernoulli. 

Tai mat thoang (mat bien tiep giap vdi khf quyen) z = t,(x,t), ta co 


dt, dx dt, . dt, dt, 
w = ~ = —— + —- = u —- + —- 
dz dx dt dt dx dt 


(3.3.2) 


va tai day bien z = -d 
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= —= 0. (3.3.3) 

dz 



Hinh 3.3.1. Mot song bien dieu hoa 

Neu coi z = nho va bo qua cac thanh ph&n bac hai, ket hdp 

phtfdng trinh thu: hai trong (3.3.1) va phiidng trinh (3.3.2), tai z =0 ta 
dtfdc 




(3.3.4) 


Nhtf vay, van de dan tdi viec giai phiidng trinh Laplace trong (3.3.1) 
cung vcfi cac dieu kien bien (3.3.3), (3.3.4). 

Xet triidng hdp song dieu hoa, nghiem cua bai toan bien tim d dang 

(f )(x,z,t) = f(z)eyip{- i(kx -cof)}- (3.3.5) 


Khi do ham f{z) se thoa man 


d 2 f(z) 
dz 2 


~k 2 f(z) = 0; 


f'(-d) = 0. 


Vay 


f(z) = A cosh k(z + d ) 
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vdi A la hang so". Stf dung dieu kien (3.3.4), ta co 

gf'( 0) - o o 2 f(0) - A^fesinhfed - 03 2 cosh fed) = 0. 
Tit do ta nhan dtfdc 

© = t Jgk tanh kd 

goi la tan so song va 


T = — 
w 


goi la chu ky song. 


Theo dinh nghia, budc song bang X = —, do do vim toe truyen song 

k 

b4ng 


X 2tc © 


g 


= — = ./—tanh fed 


T kT k 

v6i k la so song. Xet trifdng hop d -> 00 , khi do tanh kd —>• 1 va do do 


03 


= T = c = 

gk 


Tinh den dieu kien (3.3.4), ta co 

§(x,t) = -■~| 2 =o 

g & 


iwA 

g 


cosh fed. exp{- i(kx - ©£)} = a. exp{- i(kx - ©i)} 


trong do 


(3.3.5) 


H icoA , ,, 

a = — =-cosh fed 

2 g 


goi la bien do song va H la chieu cao song. 

Khi do, ham the van toe co dang 

. iga coshfe(z + d) < ... ,.1 ig coshfe(z + d) 

<j Kx,z,t) - — -——-exp {-i(kx -©*)] = -2 -———5(x,0 • 

©coshfea ©coshfea 

(3.3.6) 

Tb day ta co the tinh dtfdc vim toe, gia toe va quy dao chuyen dong 
cua hat chat long trong song 
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u(x,z,t) 
w(x,z,t) 
ii(x,zj) ■■ 
w(x, z,t) 


gka cosh k(z + d) , ... gkcoshk(z + d) . 

-— - exp{-i(kx-<*t)\= -——- £,(x,t); 

co cosh kd co cosh kd 


igka sinhk(z + d) 
co cosh kd 


exp{- i(kx - cot)) = 


igk sinh k{z + d) 
co cosh kd 


t,(x,t)\ 


igka cosh k(z + d) ( ... ,> igk cosh k(z + d) r ^ 

— -rr;- ex Pr l ( kx - “Oj = —-—- 

coshAa cosh kd 

-g k asi^M^d) ej£p{ _ , (kx _ m()} = - gk s)nhfe (2 4- d) ^ () . 

cosh kd cosh kd 


igka cosh k{z + d) < ... * - igk cosh k (z + d) 

u(x, z,t) = -5— m — ex Pr l ( kx - «>0j = — ^ — tt3 — 0; 

co cosh kd co cosh kd 


w( X ,z. t) = exp {_ i(kx _ „()} = Sksmh kjz + d) UX ' t) 


co cosh kd 


co cosh Act 


(3.3.7) 


Th hai ph,Udng trinh cuo'i trong (3.3.7), ta thay quy dao cua hat chit 
long trong chuyen dong song la hinh elip khi nude nong va hinh tron 
khi nUdc sau d —> oc . 


3.3.2 Cong thitc Morison 

Van de quan trong trong dong luc hoc cong trinh bien la xac dinh 
dUdc tai trong song tac dong len cong trinh. Biet trUdng van toe cua 
chat long trong chuyen dong song co the tinh toan dude tac dung cua 
song len mot vht the nim trong nude. Cong thde Morison cho phep ta 
tinh dUdc luc tac dung cua song tren mot ddn vi chieu dai hinh tru 
thing ddng cung chuyen dong v6i van toe va gia toe u(z,t),ii(z,t ). Gia 
thiet song vin chi truyen theo phUdng x, hinh tru co true thing diing 
trung vdi true z va dUdng kinh la D. Theo Morison, tai trong song tac 
dung vao cot d lan can mht cit z cua hinh tru se gom hai thanh phan: 
mot la luc xo cua chat long gay ra do quan tinh cua chat long khi co 
vat chin dUdng (goi la ldc quan tinh) va hai la luc ma sat gida chat 
long va vat goi la luc can nhdt, phu thuoc vao van toe tUdng doi gida 
vat va chat long. Morison da tinh dUdc lilc quan tinh bing ly thuyet 
va de nghi cong thde tinh ldc can bing thUc nghiem. Ta se xay dung 
cac cong thde nay theo quan diem cua Morison, dUa tren song dieu 
hoa da trinh bay cf tren. 

a. Ldc quan tinh. 

Van xet bai toan phing trong mat phing XOY, ham the van toe 
vin thoa man phUdng trinh 


A(Kx,y,C = 0 
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vdi cac dieu kien bien gom d xa cot x -» y — » qo 

. . Af> _ 

= u v =~ = 0 
dx dy 

va dieu kien tiep xuc giuta chat long va cot tru mo ta chat long khong 
the xam nhap vao hinh tru, dddc bieu dien la van toe cua chat long 
chieu len phddng phap tuyen cua mat hinh tru bdng 0. 

Neu xet bai toan tren trong he toa do ede 

(r,0) : x = rcos0,y = rsinG, 


phUdng trinh Laplace neu tren co dang 

8!Lia + -»£!t_0 (3.3.8) 

dr 2 r dr r 50“ 

va dieu kien bien d xa vo cung r^oo 

u x = u T cos 0 - ii 0 sin 0 = u 0 ; 

ii v = ii r sin0 + ii e cos0 = 0, 

trong do 

54 1 5ty 

u. = —; u Q - - 

r 5r 0 r50 

la vdn tod phap va van toe quay cua ch&t long. Td cac quan he tren ta 
thay dieu kien d xa vo cung la 


lim(— - ii 0 cos 0) = 0, 

Qr 

lim(—+ d o rsin0) = 0. 

50 

Tai be mat cua hinh tru r = r n = — , ta co dieu kien 

0 2 


(3.3.9.a) 


suy ra 


u_ -iicos0 = 0 


= u cos 0. 


(3.3.9,b) 


Dl dang nhan thay phddng trinh (3.3.8) vdi cac dieu kien bien (3.3.9) 
cho nghiem 


(3.3.10) 


<j)(r, 0, f) = ii 0 + —-(zi 0 - u) rcos 0 . 
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Sd dung tich phan Bernoulli, tinh ap ldc song len be mat hinh tru 6 
trong mot ddn vi chieu cao: 

p( r ~ r o) ~ p(9) - _ P~ -~p[^ rac ^ ( l>] 2 = 
ot 1 

= -p[2 ii 0 - ti]r 0 cos0 ~^p[ul + (d 0 -ii) 1 + 2ii 0 (ii - ii o )cos0]. 

Lay tong theo chu vi hinh tru, ta dvfdc 


2w 

q M = - jp(0)cos0.r<i0 = pw o 2 (2i/ 0 - ii) - pA(2« 0 - ii) 
o 


vbi A = pr 0 2 la dien tich mat cat ngang hinh tru. 

Viet lai cong thdc cho ldc quan tinh b dang 

q M (z,t) = pAu 0 +pAC a (ii Q -ii) (3.3.11) 

vdi C a la he so" dUa vao de dieu chinh hinh dang cua tiet dien ngang 
(bang 1 doi vdi hinh tron), pAC a goi la khoi lddng nifdc kem, ii Q la gia 
toe chuyen dong cua chat long, ii la gia toe chuyen dong cua vat the 
hinh tru. Luc quan tinh gom hai thanh phan, thanh phan thd nhat 
chi phu thuoc vao quan tfnh cua chat long, thanh phan con lai ty le 
vdi gia toe tiiOng doi gifla v&t va chat long thong qua he so' nude kem. 

b. Lite can 

Morison de nghi ldc can tfnh theo cong thde 
Qd = ^ C dP D \“o ““|(“o -«) 

vdi D = 2r 0 hay kich thude dac trUng cho mat chan song ldn nhat, C D 
la he so' xac dinh bing thde nghiem. Day la ldc phi tuyen doi vdi van 
toe tddng doi. 

De ddn gian ngddi ta thddng tuyen tinh hoa thanh phin ldc nay 
thanh 

Qd = ^C D pD(u 0 -u) 

vdi C D la hing so" ddpc tinh theo phddng phap tuyen tinh hoa thong 
ke. 

Tom lai ta dddc mat do phan bo" ldc song tac dung vao hinh tru 
thing ddng vuong goc vdi hudng truyen song bing 
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q = q M (z,t) + q D (z,t) = pAii a + pAC a (u 0 -ii) + -C D pD(ii 0 -ii). 


(3.3.10 


dtfdc goi la cong thtic Morison tuyen tmh. 
Neu chat long dting yen, u 0 = u 0 = 0 , ta diidc 


q = q M (z,t) + q D (z,t) = -pAC u u --C D pDu. 


Khi cot dting yen, it = ii = 0, ta co 
Q = q M (z,t) + q D (z,t) 


= pA(\ + CJu 0 +^C D pDu a =p AC M ii 0 +~C D pDu , 


(3.3.12,a) 


(3.3.12,b) 


v6i C M = 1 + C a . 

3.3.3 Tac dong cua song den cong trinh 
a. Cot thang dting 

Xet phan ting cua mot cot thang dting ngam chat v6i day bien 
nhti mot dam cong xon, chieu dai L, modun dan hoi E, tiet dien A, 
momen quan tmh mat c&t 7, mat do khoi p. Tren dau coc co vat r&n 
nang M 0 kg, chieu sau mtic ntidc bien d. Neu ky hieu u{z,t) la chuyen 
vi ngang cua cot tai mat cat z (do uon cua dam), thi phiidng trinh dao 
dong uon cua cot co dang 


El 


trong do 


d 4 u(z,t) 

dz 4 


+ C, 


du(z,t) 


+ N 


d 2 u{z,t) 


dt dz 2 

- p AC M ii 0 (z,t) + C h u 0 (z,t), 


+ pA(l + C M ) 


— .d 2 u(z,t) 


dt‘ 


C h — — pDC D \N — M 0 g . 

Gia thiet goc toa do tai day bien, ttic la tai day bien z - 0, con d tren 
dau coc z = L. Cung vdi phildng trinh tren ta co dieu kien bien 

u(0,0 = u'(0,t) = u*(L,t) = u m {L,t) = 0. 

Mat khac, tai be mat cua coc coi r«0, van toe cua hat chat long u 0 la 

CO (0 
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vdi E, = ae l{ * r ; r|(z) = , 9 0S j 1 ^ 

S cosh kd 

u n (z,t) = ikgr[(z)^(t) = igkar\(z)e u ' it 

va ve phai phtfdng trinh tren c6 the viet gon lai bang 

pAC M ii 0 +C h u 0 = q(z)e uat 
vdi 

q(z) = (C h + icopAC M )ii(z). 
co 

Phiiclng trinh dao dong d tren diidc viet ve dang chuan nhii sau 
EI + C* + N d -^A + pA(I + C u ) a2 “ ( f. 0 = g(z)e'"" . 


& 




& 2 


a * 2 


(3.3.13) 

Ta se trm nghiem d dang phttc 

u(z,t) = U(z)e‘ 0,t . 

Khi do, bien do phiic chuyen vi ngang cua cot thoa man phildng trinh 


d'U(z) . d 2 U(z) 


dz i 


+ 2 n 


dz‘ 


- Q 'U(z) = q(z) 


(3.3.14) 


vdi 


2n = = -^C t+ pA m ; (l + C„) = ?(£> 

£/ EI EI 

Nghiem tong quat cua phxidng trinh (3.3.14) co the viet d dang 
U(z) = B { cosh X x z + B 2 sinh A,z + B 2 cosh X 2 z 

Z 

+ S 4 sinh A 2 z + J-KXz - x)< 7 (x)dx 

o 

trong do 


va ham so 


A, = -Jn 2 +.11 2 - n ;X 2 - yjn 2 + Q 2 + n 

,,, v A, sinh X-yZ - A, sinh X,z 
K(z) = - 


A,A 2 a 2 2-M) 

la nghiem phtfdng.trinh (3.3.14) vdi ve phai bang 0 va co tinh chat 
K( 0) = K'(0) = K”( 0) = 0, K m ( 0) = 1. 
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Ap dung dieu kien bien cho nghiem tong quat neu tren ta se duPc 

U ( z ) = B. (cosh X x z~ cosh X 2 z) + 

X K . (3.3.15) 

+ B 2 (sinh X x z -- sinh X 2 z) + j K(z - x)q(x)dx. 


Trong do cac hdng so" B u B 2 la nghiem cua he phiidng trinh dai so" 
tuyen tfnh 


B, (A. 3 cosh X x L - X\ coshX 2 L) + B 2 (X] sinh X x L - X x X 2 sinhX 2 L) = 

d 

- ~^K"{d - x%{x)dx - q", 

0 

B x (A. 3 , cosh X x L - X\ cosh\ 2 L) + B 2 (X? x sinh A,,L - X x \ sinhX 2 L) = 

d 

= ~^K m (d - x)q{x)dx = q m . 

0 

Nhil vay, (3.3.15) cho ta bien do phhc cua cot thdng dutng dudi 
tac dong cua song dieu hoa. 

b. Tac dong cua song len cot xien 

0 cac phan tren chung ta chi xet trofdng hdp cot thang dting va 
hudng song trung vdi hiidng true x. Dieu nay co nghia la song chi tac 
dung tren mat phang vuong goc vdi true cua cot. Cong thilc Morison 
cung chi ap dung cho trddng hop khi van toe va gia toe cua hat chat 
long co htfdng phap tuyen vdi be mat cua phan td. Chuyen dong doc 
theo true cua cot khong gay nen ap lilc song. Y tifdng nay cho phep ta 
tinh liic song tac dung len mot thanh xien. 

Gia sut thanh hinh tru n&m nghieng tao thanh mot vec td dinh 
htfdng so vdi cac true toa do la (C x ,C y ,C z ) . Song van truyen theo 

hdbng true x, khi do van toe hat nddc vln co hai thanh phdn theo true 
x va z tddng ting la ii,w. Gia sti vec td van toe hat nifdc la 

v - w} T . Ky hieu v t la thanh phan vec td van toe htidng doc theo 
true thanh, khi do 


v t = (v,C)C. 


Con thanh phan van toe phap tuyen vdi true thanh bhng 


v„ = v - v, 


va co cac thanh phan theo cac true toa do la 
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^nx ~ u-(uC x + wC z )C X ; 

• v ny =-(uC x +wC z )C y ; 

V „ = w-(uC x +wC z )C z . 

Quy dinh true x trong he toa do dia phadng cua thanh trung vdi 
hadng ciia u n , cong thde Morison cho ta vec td ldc song tac dung len 
mot ddn vi chieu dai thanh bling 

f n =P A v n +P AC a (v n -v r ) + 0.5C D pD(v n -v r ), 

trong do v r , v r la van toe va gia toe phap tuyen cua thanh. NhU vay 

trong he toa do tong the, lac song van tac dung len thanh theo ca ba 
hadng (nhung trong he toa do dia phadng thi chi co theo phadng phap 
tuyen vdi true thanh). Day la cd sd de tfnh tai trong song tac dung len 
cong trinh khung ph\2c tap. 

Doi vdi cac cong trinh bien, tai trong song trong khuon kho 
phadng phap phan tut hntu han, da dadc tinh toan nhieu. Da co nhufng 
chaong trinh tfnh song chuan d Viet Nam. Viec tinh tai trong song 
theo phadng phap ma tran do cuing dong da dadc de cap den trong 
cong trinh [9], Tuy nhien mot quy trinh va phan mem hoan chinh van 
chaa co dadc ma con phai nghien chu tiep. 

3.4 Bai toan chan doan ky thuat cong trinh 

3.4.1 Chan doan ky thuat cong trinh 

Trong thac te ky thuat hien nay, van de danh gia chat ladng cac 
cong trinh mdi xay trade khi daa vao sut dung va danh gia kha nang 
lam viec an toan, hieu qua cua cac cong trinh cu trd nen vo cung cap 
thiet b nadc ta. Muc dfch chinh v&.n la dam bao hieu qua va an toan 
trong khai thac, duy tu va sUa chaa cac cong trinh xay dang. Ban 
clyit khoa hoc cua cac van de tren chinh la viec danh gia trang thai ky 
thiiat cong trinh. 

Neu trang thai ky thuat cong trinh dadc hieu la trang thai ket 
cau va kha nang lam viec cua cong trinh, thi viec danh gia trang thai 
ky thuat cong trinH dude chia lam hai bade. 

Bade mot la chan doan ha hong ket cau cong trinh, the danh gia 
nhang thay doi cua ket cau cong trinh so vdi mot thdi diem nao do 
trade day (thong thudng la trang thai ket cau khi daa vao sif dung). 
Dieu nay co nghia la phai xac dinh mo hinh thac trang cua ket cau tai 
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thdi diem cdn danh gia. Cong viec nay ve noi dung chinh la bai toan 
nhan dang ket cau (structure identification). 

Budc sau chi la danh gia cac chi tieu sot dung cua cong trinh nhu la do 
ben, tuoi tho, do un toan,... cua cong trinh dua tren cd sd mo hinh thuc 
trang da dude xac dinh. 

Nhu vay, van de mau chot cua chan doan ky thuat cong trinh 
chinh la bai toan nhan dang ket cau, hay con goi la bai toan cham 
doan hut hong (structural damage detection). Day la mot bai toan 
ngUdc cua Cd hoc: Tit nhitng thong tin thu thap diiac ve tai trong cung 
nhu ve phan dng cua cong trinh, xac dinh mo hinh ket cau cua no. 
Ddu vao cua bai toan ngUdc nay chinh la cac thong tin ve tai trong va 
phan dng cua cong trinh. Cac tham so chinh nay co the la tinh, neu 
cac phiidng trinh dbdc sut dung tinh hoc hoac la dong lute hoc nhu da 
dude nghien cUu kha chi tiet trong cuon sach nay. 

Tren cd sd nhutng kien thotc da diidc trinh bay d tren ve dong luc 
hoc, ta co the khang dinh rang cac tham so" dong lUc hoc cua cong 
trinh, dac biet la cac dac trUng dong liic hoc cua ket cau chiia rat 
nhieu thong tin ve ban than ket cau, hdn la cac tham so tinh hoc. 
Chinh vi the, dong luc hoc cong trinh da trd thanh nen tang cua Chan 
doan ky thuat cong trinh. 

3.4.2 Phitdng phap rung dong trong chan doan cong trinh 

Viec chan doan hii hong ket cau cong trinh duta tren cd sd cac 
thong tin thu thap dhde ve cac dac trving dong liic hoc cua cong trinh 
dang ton tai dhde goi la chan doan hit hong cong trinh bhng cac dac 
trUng dong luc hoc, hay goi tat la chan doan dong cong trinh. Cach 
tiep can nay goi la phitdng phap rung dong trong chan doan ky thuat 
cong trinh. Sd do nguyen ly cua bai toan chan doan dong cong trinh 
dUdc mo ta trong Hinh 3.4.1. 

Cd le edn thiet phai dting lai doi chut de giai thich noi dung cong. 
viec theo phiidng phap rung dong cua chan doan ky thuat cong trinh, 
dude trinh bay trong hinh 3.4.1. Ve noi dung, cd ba bai toan can phai 
giai quyet. 

1. Mot la mo phong ket cau cong trinh thiic bang each xay dung mo 
hinh ket cau vdi nhdng kha nang cua cac hif hong cd the xay ra doi 
vdi cong trinh. Day la cong viec mo hinh hoa ket cau thde vdi nhutng 
kha nang cd the xay ra vdi cong trinh nhd nhutng thay doi ve hinh 
hoc: hinh dang tiet dien, an mon, ndt, gay, cong meo, cac 16 rong,...., 
ve vat lieu: modun dan hoi, phan bo khoi lddng, lien ket giuta cac phan 
tri hay giQa cong trinh va nen mdng ... Muc dich la xay dung mot tap 
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cac mo hinh dti trti, mo ta nhting kha nang hti hong co the xay ra cua 
cong trinh. Tap mo hinh dti trti dtidc xay dting d dang mot mo hinh 
phu thuoc vao mot ttip cac tham so" hot hong. Gia tri khong cua cac 
tham so' nay ttidng ting vdi trang thai nguyen ven cua ket cau. Bat ky 
mot trang thai hti hong nao khac dtidc mo ta bang gia tri cu the cua 
tap tham so' hti hong. 

Bhng each nhti vay, tap mo hinh dti trti cua cong tnnh dtidc thay 
bang mot mo hinh tham so' cua ket cau cong trinh thtic (co hti hong) 
va viec xac dinh mo hinh thtic trang cua ket cau cong trinh trb thanh 
bai toan xac dinh gia tri cua t4p tham so' hti hong ting vdi trang thai 
ky thuat thtic cua cong trinh. 

Sau khi xay dting dtidc mo hinh tham so' cua ket cau cong trinh, 
viec tie'p theo la tinh toan cac dac trting dong ltic cua cong trinh da 
dtidc chon la cac dau hieu de chan doan hti hong, vf du nhti cac tdn so 
rieng, cac dang dao dong rieng hay cac dac trting pho khac nhti ham 
truyen, trd khang cd hoc,...phu thuoc vao cac tham so'hti hong lam cd 
sd dti lieu cho viec chain doan hti hong. 



Hinh 3.4.1 

2. Hai la viec tien hanh thii nghiem dong tren cong trinh dang ton 
tai. Ttic la tien hanh mot so' thf nghiem ve dong ltic hoc cong trinh tai 
hien trtidng: Tao ra cac tai trong lam cho cong trinh vao trang thai 
lam viec dong theo mong muon cua minh va dung cac thiet bi do dac 
dap ting cua cong trinh vdi nhting tai trong da gay ra. Dtia tren cac so' 
lieu nay, can tien hanh phan ti'ch, xti ly de rut ra cac gia tri thtic te 
cua cac dac trting dong ltic hoc da dtidc chon lam dau hieu chan doan. 
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Dau hieu de ch6n doan dddc chon la tan so" dao dong rieng vi dac 
trdng nay de dang do dddc nhat vdi do chmh xac chap nhan dddc. Hdn 
nda cac tan so* rieng phan anh trung thdc nhat ban chat cd hoc (kho'i 
lddng va do cdng) cua he khong phu thuoc vao cac yeu to ben ngoai. 
Thd nghiem dong la ca mot day cac cong viec phdc tap, phai sd dung 
cac thiet bi do dac, cong cu xd ly so' lieu hien dai. Rieng thd nghiem 
dong da la mot nganh dang dvfdc nghien cdu va dng dung nhieu tren 
the gi6i hien nay. 

3. Sau khi da thu thap dUdc cac so' lieu do dac tti cong trinh thdc ve 
cac dac trUng dong luc hoc cua cong trinh, cung vdi cd sd dfl lieu da 
xay dPng trong phan mo phong, giai bai toan danh gia tham so 
(parameter estimation), ta thu dtfdc cac gia tri cua tham so' hu hong, 
ttfdng dng vdi trang thai thuc cua cong trinh. So sanh cac gia tri nay 
cua tham sohif hong vdi cac gia tri go'c, ta co the rut ra ve tinh trang 
hd hong cong trinh va de xuat cac giai phap sda chQa kip thdi, dong 
thdi ta cung co ngay dddc mo hinh thdc trang cua ket cau cong trinh, 
co the su dung de danh gia kha nang lam viec tiep theo cua no. 

Den day bai toan chan doan hd hong ket c&'u da dddc hoan tat. 

3.4.3 Vi du minh hoa 


a. Chan doan vet nxtt trong dam dan hoi. 

Xet mot dam dan hoi co modun dan hoi E, mat do khoi p, he so' 
Poatson v, tiet dien A=bx.h ( h la chieu cao dam), momen tiet dien 1 va 
chieu dai L , nhd da mo ta trong chddng 1. Ket cau nay co the mo ta 
mot dam cdu dang lam viec. Mot van de dat ra la hay xac dinh xem 
dam co bi ndt ngang 0 dau do khong, ne'u cd thi vi tri d dau va do sau 
cua vet ndt nhd the nao. Day la bai toan chan doan hd hong dich thdc 
cua mot ket cau cong trinh ddn gian. 

Cac tham so' hd hong la vi tri va do sau vet ndt x cf a t . Mo hinh 
tham so' cua vet ndt chmh bao gom: Mot la mo hinh cua vet ndt, dddc 
xay ddng tren cd sd gia thiet vet ndt dddc thay the bang mot 16 xo 
quay tddng dddng tai vi tri vet ndt vdi do cdng lien he vdi do sau vet 
ndt bang cong thdc: 


K = 



6ti(1 -v l )h i f a c N 

El '\T y 


(3.4.1) 


7 ( (z)= 0.6272z 2 -1.04533Z-’ +4.5948z 4 - 9.973z 5 + 2Q.2948z b 
-33.0351z 7 +47.1063z 8 - 40.7556z 9 + 19.6z 10 
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Hai la mo hinh dong hie hoc cua dam co vet ntit, diidc mo ta bang 
phiidng trinh tan so" 


+ F 0 (k,x c ) = 0; 


X = zJ"^w 2 

El 


5.346/1 


IMJh) 


(3.4.2) 


vdi cac ham F 0 , Fj la cac ham so' diidc xac dinh tren cd sd dieu kien 
bien d hai dau [15]. Hien nhien la, mo hinh tham so' nay cho ta xac 
dinh tan so' rieng cua dam phu thuoc vao cac tham so vet niit i i .,a l .. 

Dac biet la khi do sau vet ntit bang khong (tiidng ting vdi gia tri p= 0) 
ta diidc phiidng trinh tdn so'cua dam khong co vet ntit. Nhii vay tham 
so' ft co the coi la dai dien cho chieu sau vet nett hay mete do hii hong. 
Nghien ctiu sti phu thuoc cua tan so rieng (dung hdn la tham so' tan so' 
X ) vao do sau va vi tri vet nett tren cd sd mo hinh da lap, cho thay do 
sau cua vet nett cang ldn thi tan so rieng cang giam, nheing do nhay 
cam cua tan so' luc mdi xuat hien vet niit ldn hdn so vdi luc vet niit da 
dat mot do sau nao do. Hdn nGa ton tai mot so vi trl tren dam ma neu 
vet niit xuat hien tai do co mot so' thn so rieng tiidng ting khong phu 
thuoc vao do sau vet niit. Dieu nay qua la co y nghia trong viec chan 
doan vet niit ve sau. 

Van de tiep theo la thet nghiem dong tren dam. Dau hieu chhn 
doan tat nhien la phai chon tan so' rieng. Vi the muc tieu thii nghiem 
dong la xac dinh cac tan so' rieng thiic te cua dam. Cong viec nay kha 
ddn gian do'i vdi cac chuyen gia ve thii nghiem dong do'i vdi mot dam 
dan hoi. Chung ta khong cd nhieu thdi gian de xem xet van de nay d 
day ma chi deing lai d mot y tiidng ddn gian trong viec cac thn sd do 
diidc la Q = {co|co ) . 

Thong thiidng, vdi cac thiet bi thi nghiem dong hien dai chung 
ta co the do diidc ham pho cua dich chuyen, van toe hay gia toe cua 
cong trinh tai mot so' vi tri nao do. Ham pho nay thiic chat la ham 
truyen nhii da noi den nhieu trong cac chiidng triidc, phu thuoc vao vi 
tri diem do va tan sd. Nhdng nghien cdu ly thuyet cho thay tren do 
thi cua ham truyen theo tan sd cac dinh tiidng ting vdi cac tan so 
rieng. Noi dung hdn, cac tdn so' rieng noi chung nam trong lan can cua 
cac dinh. Tuy nhien tan so' rieng khong hoan toan trung vdi tan so' 
dinh vi he so' can lam tdn so dinh (tan so' cong hiidng) lech khoi tan sd 
rieng. Do lech nay phu thuoc vao he so can diidc bieu hien bang be 
rong (do nhon) cua dinh. Do'i vdi cac cong trinh thep, can nho, noi 
chung cac dinh rat nhon, nhiing do'i vdi cac cong trinh n&m trong dat 
thi cac dinh rat tu. Nhii vay, viec xac dinh tan so rieng diia tren do thi 
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cua h&m truyen chi can den tan so' dinh va do nhon (he so' can) cua 
cac dinh. Nhung viec sap xep bo' tri trat tu trong cac tan so' rieng theo 
thii til tang dan la mot viec kha phiic tap, can den ket qua phan tieh 
dang rieng trtfdc khi do va vi tri do. 

Cuo'i cung la xac dinh cac tham so' hii hong. Th cac tan so' do, ta 
co the co diidc cac tham so' tan so'ttfdng hng so'lieu do A = {A .*,...,\’ m }, 
tinh theo cong thhc (3.4.2). Ve nguyen tdc, neu so' lieu do la chinh xac 
va mo hinh mo ta dung sil lam viec cua dam thuc te, ta co the xac 
dinh hai tham so' vet ntit x c va p tif cac phufdng trinh 

F,(A.^,x c )p + F 0 (^,x c ) = 0 ; j = 1 ,,..,m . (3.4.3) 

Hien nhien la de xac dinh dtfdc 2 sin so', ta can it nha't la 2 phufdng 
trinh va do do so' lifdng tan so' do it nhat phai la 2, the m - 2. Khi do, 
de he hai phiidng trinh (3.4.3) co nghiem do'i vdi (3 , can phai thoa man 
dieu kien 

F ] (k],x c )F o (X\ j ,x c )-F i (X\,x c )F o (k\,x ( .) = 0 . (3.4.4) 

Day la phiidng trinh de xac dinh vi tri vet nht x c , co the giai bang mot 
phufdng phap so' thich hdp. Sau khi giai phifdng trinh cuo'i, vdi nghiem 
la x c , ta co the tinh tiep mhc do huf hong 

p._ F o&i>*c) _ F 0 (X\,x c ) 

F^,^) F,(A* 2 , x c ) ‘ 

Neu so' lufdng tan so' do dhde nhieu hdn 2 va do cac sai so' khong the 
tranh khoi trong do dac va mo hinh hoa, ta phai giai he phudng trinh 
(3.4.2) bang phifdng phap gan dung - phhdng phap binh phufdng to'i 
thieu 


J(x c , P) = § [^, (A-* , )p + FJX) , )f => mm . 


> i 


Nghiem binh phtfdng to'i thieu do'i vdi miic do hif hong ton tai va bang 

i/4 

P = -I XFSa'jfxJ/ZFfdj.xJ (3.4.6) 


vdi dieu kien 


=0. (3.4.7) 

M M J =i 
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Nhti vay, (3.4.7) la phtidng trinh de xac dinh vi tri vet ntit. Sau 
khi giai phtidng trinh sieu viet mot an so"nay dtidc x ( ., roi thay no vao 
(3.4.6) ta xac dinh dude mtic do hti hong phai tim. 

b. Chan doan hit hong khung khong gian sU dung mo hinh PTHH 

Doi vtii ket cau cong trinh phtic tap hdn, chung ta khong the sti 
dung each tiep can giai rich nhti tren, ma phai can den mot trong cac 
phtidng phap mo phong da trinh bay b chtidng hai. Vi phtidng phap 
PTHH da va dang dtidc dung pho bien nen chung toi se trinh bay mot 
vi du ntia ve ting dung DLHCT trong chan doan hit hong cua khung 
tren cd sd phddng phap PTHH. 

Mo hinh tham so" cua ket cti"u cong trinh dtidc xay dting dtia tren 
cd sd phtidng phap PTHH. Cu the la tim each dtia cac tham so" hti 
hong vao cac ma tran khoi Iticfng va do cting de cuo"i cting nhan dtidc 
M(P),i£Xp), trong do P la vec td tham so" hti hong. Viec xay dting cac 

ma tran nay tuy thuoc vao tting quan diem ve hti hong va co nhieu 
dang khac nhau. Vi du, doi vcifi mot phtin tti dam phang chiu uo'n co 
mot vet ntit, ma tran do cting dtidc xay dting dtia tren cac ham dang 
la chuyen vi tinh (theo phtidng phap PTHH) cua dam co mot vet ntit. 
Ket qua nhan dtidc ma tran dp cting phhn tti co dang 


[*]- 


k° f r 

"Jl/ll 

kt ,/■/, 

klfn 

1--- 

b° f c 

K \ll 13 

Kifh 

knfn 

k° f c 

"42/42 

k 0 f c 

K n / 13 

k° f c 

K rsi 23 

k° f c 

"33/33 

1,0 rc 

"43 / 43 

. ° fc 
"14 / 14 

f c 

"24 1 24 

k° f C 

"34/34 

k° f r 

" 44 / 44 _ 


trong do 


l-12ap 2 +12a 2 p 2 +2P + 4P 2 re rr 

/ 11 ~ ’ T 13 “ / 11 — / 33 > 

cv _ 1 + 8ap 2 + 24a 3 p 2 - 24a 2 p 2 + 4ap fC 

1 12 — y 1 12 ~ 1 23 > 

rc _ 1 - 32ap 2 - 24a 3 p 2 + 48a 2 p 2 - 4aP + 4p + 8p 2 rc 

/ 14 j^2 ’ ' 14 — 13 4 ’ 


f C - 

t 12 


1 + 36a 4 p 2 - 36a 3 p 2 +12a 2 p 2 + 6crp 

D 2 


fl = 


1 - 72a 4 p 2 + 24ap 2 + 144a 3 p 2 - 96a 2 p 2 + 12ap - 12a 2 p 

D 2 
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fl i = 


1 + 36a 4 p 2 ~60ap 2 -108a 3 p 2 +120a 2 p 2 + 6p - 12ctP + 6a 2 p + 12p 2 

D 2 


fC _ rc 

* ii I ii 


D = l + 4p + 12a 2 p-l2ap 
a = x c / L, x c la vi tri vet ndt, 
ft = El I KLj dac trdng cho do sau vet ndt. 


kl’ la cac thanh phan cua ma tran do cdng cua phin td dim phang 
khong co vet ndt chiu uon, bieu thdc cua chung da cho trong (2.3.22b). 
De dang nhan thay khi (5 = 0 cac he so" ft =1, i,j = 1,2 ■ ■ ■ 4 , ta dupe 

ma tran do cdng cua phan td dam phang co dien. NhU vay ma tran do 
cdng nhan ddpe la ham cua hai tham so" hd hong vi trf va do sau vet 
ndt. Vi dau hieu chan doan ddpc chon la cac tan so" rieng, nen cd sd dd 
lieu cho chin doan noi chung dupe xay ddng td do nhay cam cua 
chung doi vdi cac tham so" hd hong. That vay, xuat phat td phddng 
trinh cd ban cua bai toan tri rieng 

(3.4.8) 


[ff(P)-Mf(p)]® = 0, 


ta co the tinh dUPc 


dK dX , dM 

- M - X- 


5(3 dp 


0P 


q> + [K(P)-WW]^ = 0 


Nhan vo hddng td ben phai phddng trinh cuoi vdi vec td dang rieng 
O r , sd dung tmh chat doi xdng cua cac ma tran va phddng trinh 
(3.4.8), ta dupe 

T \dK 


O j 


— - X — - — m"|o + O r [X(P) - (p)]— = 

dp ap dp J L H HJ dP 


t dK ^ dX T 


= O' -O-XO 

dp 


d> - —O MO = 0. 
dp dp 


Td day ta co the tfnh dupe 


dK 


dx 


^j^. U£V H\T t •' 


ap 


L = D Jk = 


dp, 


*U) ® T U)~-®U) 


spi 


O r (j)iCOO) O r (j)MO(y) 


(3.4.9) 


Cong thde cuoi mo ta sd thay doi cua tri rieng (hay tan so" rieng) theo 
tham so" hd hong dddc goi la do nhay cam cua tri rieng. Day la cong cu 
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chu yeu de nghien cdu thiet ke cung nhd chain doan hd hong cong 
trinh. 

Gia si ket qua cua thd nghiem dong cong trinh khung la m tan 
so rieng, va do do ta co m tri rieng do dddc A = jx*A.* m |. Ve nguyen 
tac ta co 


A = A° + Dp + .... a A° + Dp 

trong do 

D = [D jk ; j = k = \ 

la ma tran do nhay cam cua cac tri rieng da dddc xay ddng d tren va 
A 0 - (a.'JA.'*,,) la tri rieng cua ket cqu cong trinh khong co hit hong. 

Dda vao ky hieu 

b = A - A 0 

bai toan chan doan hd hong dddc thay bang bai toan danh gia tham 
so" tuyen tinh 

Dp = 6 


vdi D la ma tran cap mxn, n la so" lddng cac tham so" hit hong, b la vec 
td so" lieu do dac. Bai toan danh gia tham so" cd ban nay cho ta nghiem 
binh phddng toi thieu 

P = \d t d\' D T b . 

Nhd v&y, bai toan chan doan hd hong ve nguyen tkc la giai xorig. Tuy 
nhien nghiem nay chi la gan dung. Do chfnh xac cua no phu thuoc 
nhieu vao ma tran do nhay cam D. Co nhieu each de chfnh xac hoa 
cung nhd de vddt qua tfnh ky di cua bai toan khong chinh, tuy nhien 
chung vddt ra ngoai khuon kho giao trinh nay, nen khong dddc trinh 
bay d day. 
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MOT SO DE BAI KIEM TRA 


1. Hay thiet lap phUdng trinh t&n so^ dao dong uon cua d&m dan hoi 
co cac dac trUng E, F, J, L, p khong doi trong trUdng hop dam 
cong-xon (mot ddu ngam, mot d&u til do). 

2. ChUng minh rang hai dang rieng khac nhau cua mot ddm dan hoi 
true giao. 

3. Neu khai niem, y nghia cd hoc va bieu thUc giai tich cua ham 
truyen thong qua cac dac trUng dong luc hoc doi v6i dam dan hoi. 

4. Chting minh rang cac dang rieng cua he cd hoc hUu han bac tu do 
true giao theo ma tran khoi lUdng va do cUng. 

5. Thiet lap ma tran do cilng va khoi lUdng trong he toa do dia 
phUdng cua mot phan tu dam hai chieu bang phUdng phap phan 
tu hu£u han. 

6. Cho mot he cd hoc nhu trong Hinh ve PI. Cac vat co ciing khoi 
lUdng m va khoang each giQa chung va den d^u mut trai deu bang 
L . Cac thanh noi co cung cac dac trUng cd hoc nhu modul dan hoi 
E va mo men quan tinh J. Bo qua khoi lUdng cua cac thanh noi, 
kich thude cac vat va chi xet chuyen dong thang dUng cua cac vat, 
dung phUdng phap tap trung khoi lUdng hay: 

a. Xac dinh bac tu do va Thiet lap ma tran khoi kUdng M cua 
he (2 diem). 

b. Cho lUc P=1 tac dung len vat 2 (hinh Pi), xac djnh chuyen 
vi tinh cua hai vat (3 diem). 

c. Xay dung ma tran do mem F va ma tran do cUng K=F 1 cua 
he (3 diem). 

d. Xac dinh cac t4n so" rieng va dang dao dong rieng cua he (2 
diem). 

I . . 


Hinh PI 
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7. Dam co khoi lifting tap trung. Thiet lap phiidng trinh tan so" cho 
ket cau diftic mo ta trong Hinh P2 Neu biet mot so" tan so rieng 
cua he, hay tinh khoi lddng tap trung. 



Hinh P2 

8. Dam co mot vet mjtt. Cho mot dam dan hoi, co mot vet ndt md tai 
x 0 (Hinh P3) v6i do sau a. Vet nutt dude mo ta bang mot 16 xo xoay 
do cling K, phu thuoc vao do sau vet mit. Thiet lap phwong trinh 
t6n so" cua he. Neu biet mot tin so" va vi trf vet niit, hay tim do 
sau. 



Hinh P3 
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